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Abstract—The paper deals with processes analysis in circuits of converter working on a time-varying load. A control of
inverter and load switches are realised by signals with incommensurable frequencies. Processes in such a system are
described by differential equations with periodical coefficients. Steady-state periodic solutions can be obtained by the exten-
sion of ordinary differential equations with one independent time variable into partial differential equations with two inde-
pendent variables of time. These equations are solved by use of the Galerkin method with trigonometric basis and weight
functions. The results of calculations of the steady-state process for a buck-boost converter are presented in form of
the double Fourier series. They are compared with results obtained in the way of numerical calculation of differential equa-
tions for a transient process. Extended equations are also solved by a generalized state-space averaging method. A balance
of active power in circuits of converter with the time-varying load is shown.
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1. INTRODUCTION

DC converters are used to energy supply of loads with
constant and varied structure. If DC converter works on
a varied load, the processes in the circuit are described by
differential equations with periodic coefficients. Pro-
cesses in such a system can be analysed using analytical
and numerical methods [1]-[7]. One can also use
the state-space average model [8] based on the integral
calculation

1 ¢t
- L_T X (¢)dt (1)
where X (¢) is a vector of state variables.

If commutation periods of the converter and loads
switches are incommensurable, one can use methods de-
scribed in [9], [10]. An extension of differential equation
is shown in [10] and an approximation of solutions in [9].
It should be mentioned, that in case of incommensurable
frequencies, state-space average models cannot be used.
In order to simplify a calculation procedure of processes
it is expedient to use both tools, i.e. the extension of dif-
ferential equations and the approximation of solutions

[11].

The aim of this paper is to present methods based on
the differential equations extension and on use of
the Galerkin method [12]. The differential equations with
variable coefficients, dependent on two incommensurable
control signals, are extended by introducing of two

independent time variables. The extension of differential
equations with one variable of time ¢ is implemented by
transition to partial differential equations dependent on
two independent time variables ¢ and t. The solution is
found by use of the Galerkin method with trigonometric
basis and weight functions. Obtained solutions are de-
scribed by a double Fourier series. An extended lagged
running average procedure is used in order to generalize
the state-space averaging method. Periodic steady-state
current and voltage in circuits of Buck Boost DC con-
verter are calculated. Obtained results are used to calcu-
late a balance of active power in the converter circuits,
the RMS voltages on a capacitor and an inductor current.
Results of calculations are also compared with results ob-
tained by a numerical method.

1. MATHEMATICAL MODEL

Let us analyse a steady-state process in the DC Buck
Boost converter with a time-varying load. The circuit
diagram of the converter is presented in Fig. 1.

The switches S;, S, and S; are ideal. If the switch
S; is on, the switch S is off and vice-versa. The switch-
ing function s(¢) for the switches S; and S, is shown in
Fig. 2. When s(¢) =1, the switch S; is turned on.

The switch S5 switches a part of the load. The switch-
ing function y(#) corresponded to states of the switch S5
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(when y(¢) =1 then switch S5 is on) is shown in Fig. 2.
We also assume, that resistors, capacitors and inductors
are linear elements.

Processes in circuits of the converter are described by
differential equations

dity _ r. dﬂ ﬂﬂ
" Lz(l) u(t)+ ; 2
du(r) 1-s(1) . Y(f)Rl +R2
- C i(t)- RR,C u(?); 3)

where r is a resistance of the inductor. These equations
can be written in matrix form as follows

dxX (t)
dt

= A(O)X(t)+ B(t) @)

it
where X (¢) = ‘ ((t)) is the vector of state variables.
u

r _1=s(2) SOE
An=| L B()=| L
I—S(f) _'Y(l)R] +R2 ’ 0
C RR,C

In order to solve the differential equation (4) to any
possible frequencies of control signals we extend this
equation to the partial differential equation with two
independent variables of time ¢ and t in the following
way [10]

oX(t,7) . oX (t,7)
ot

= AtLDX(D)+BE) ()
ot

S

E l Ry
u@l
z(t)

Fig. 1. Circuit diagram of DC Buck Boost converter
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Fig. 2. Switching functions

r 1=s(9)
L L
where A(t,7) = 1-50)  Y(OR+R, .
| ¢ RiR,C |

In this equation periods 7" and ® are incommensura-
ble. In order to obtain a periodic steady-state solution, we
use trigonometric functions and present this solution in
the form of the double Fourier series.

III.  CALCULATION OF STEADY-STATE PROCESS

Let us solve (5) using the Galerkin method, which is
based on finding of the residuum of the differential equa-
tions [12]

dx (1)

Ry = - A X(1)-B(1) (6)

over the period. Then this residuum is multiplied by
weight functions and the obtained expression integrates
over the period. Obtained solutions are used to find an
approximate value of the vector of state variables.

For the equation with two-time variables (5) the resid-
uum (6) is also extended as follows
oX(t,7) N oX(t,7)
ot ot
overthearea 0<¢<T, 0<1t<0.

Ryt = - A, )X (,0)-B@) (7)

We use trigonometric functions as basis and weight
functions for finding the periodic steady-state solution

Pk (2,7) = sin(nwt) sin(kQr) ®)
Vi (2,7) = sin(not) cos(kQt) ®
Nk (£,7) = cos(not) sin(k€1) (10)
& .k (1, T) = cos(nwr) cos(kQt) (11)
where n=0,1,2,..., 2 2n

k=0,1,2,..0=—, Q=—
T 0
In that case a periodic steady-state solution X (¢,1) is
described by the double Fourier series [13]

i(t,7)

XOD=la o

(12)

where

A A () B AT (t,7)+]
= > HETT kST ()

n=0k=0| +1,) M,y 1 (£, T)+lnk§nk(f 9 |

.k (L k(&
. T)—ZZ k(P 4 ( ’t)+u a4 4 ( T)"‘ (14)

n=0k=0| +u,] M,y 1 (1, T)+unk§nk(f A

v on &
un,k ? un,k > un,k are

coefficients for the searched current and voltage and N
is the chosen number of terms.

Therefore (7) takes the form

. . -® 2\ M é 0]
in which bykr Dok g s bnge> Yoo
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oX (1,7) . oX(t,1)

Rxwo =7, ot
< _ X aX(L)
Rxan=="%"*""% (15)

—A(t,7) X (t,7) - B(¢)

After multiplying of (7) by the weight functions
(8-11) and integrating we obtain following expressions

T0O
[ [ Rye0y@n e (t0)dtdT=0 (16)

RX(!,‘E)Wn,k(t’T)dth:O (17)

Ry(1.oyNa e (1, D)dltd = 0 (18)

N O—N O—mN o
@® O o—0@ o

[ [ Ryt v)dtdr =0 (19)
00

From the set (16-19) one calculates coefficients for
the steady-state current and voltage.

Let us consider a lagged running average procedure
for extended equations

1 t T
o LT jF@ X (t,v)ddt (20)

This expression extends (1) and allows finding
the averaged state-space model. Using (20) one obtains
the averaged state-space model for the DC Buck Boost
converter

% = A(d,8)X(t,7)+ B(d) 1)
~ i) .
where X(¢,7)=| _ is a vector of averaged state var-
u(t,7)
iables;
1-d
- A dE|
LD g sram, [ EO=[L)
c RR,C
d=1;5=1
YA C)
Solving (21) for steady-state one obtains
X =—A(d,5) ' Bd) (22)

A

R . i) .
where A(d,d) !'is the inverse matrix; X =(A] isavec-
u

tor of averaged steady-state variables,
(1-d)dR\RyE
d*RiRy +r(R — RS+ Ryd)

(23)

0=

(1—d)(R, - R5+ RyO)E
dleRz + r(Rl —R16 + R28)

Let us calculate the power consumption of the time-
varying load as follows

u(t, ) [Y(OR, + R, |
RiRy

i:

1 TO
P, =5 I j didt  (24)
00
In turn, the power dissipated by the resistance of an
inductor is [14]

1 TO 5
B=rs { { ri(t, 1) dtdt (25)

The Buck Boost converter converts the active power
as follows

T6e
1 .
Py = E{ £ s(0)Ei(t,v)dtd (26)

In what follows we will see that a balance of active
power for such a system remains.

V.  SIMULATION RESULTS

Let us calculate the steady-state process for the ele-
ment values: r=0.556Q, C=167uF L=1.11mH,

R =3Q, R, =10Q, E=444V, 0=9%Hz, Q=no,
f =0.6T, 1 =0.340 . The integrals (16-19) are calcu-

lated by the use of Mathematica for arbitrary n and k
numbers. We also take into account that the trigonometric
functions (8-11) are used and the switching functions
depend on one argument.

The steady-state current and voltage in circuits of the
Buck Boost converter for two periods and for N = 3 are
presented in Fig. 3 and Fig. 4. These results do not prac-
tically change when calculated for greater chosen N.

In order to obtain processes in the domain of one time
variable one equals 7 to t. The steady-state current in
the inductor and voltage across the capacitor are shown in
Fig. 5 and Fig. 6 (curve 1). There are also presented
the results obtained by the numerical method embedded
in Mathematica (curve 2) as well as lines corresponded to
extended state-space averaging method (line 3) and mean
values evaluated by numerical method (line 4). Processes
calculated by the proposed and numerical methods coin-
cide practically for all points.

The output voltage of DC Buck Boost converter vs.
duty cycles calculated by (23) is shown in Fig. 7.

The active powers, the RMS voltage and current cal-
culated by the proposed method, by generalised state-
space averaging method as well as by numerical method
are presented in Table 1.

As one can see that the values calculated by
the numerical method tend to the values calculated by the
proposed method when the interval of calculation is
increased.
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Fig. 3. Steady-state current in the circuit of the Buck Boost converter
for two periods 0 <t <27, 0<1<20
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Fig. 5. Steady-state current in the inductor of the Buck Boost converter:
1- the described method for N =3; 2- the numerical method; 3- the
state-space averaging method; 4 — the mean value evaluated by numer-
ical method

d Lo 0.0

Fig. 7. Output voltage vs. duty cycles

TABLE 1
Method Power, W RMS volt- RMS cur-
age, V rent, A
Proposed method 120.723 22.495 7.36
State-space aver-
aging method 123.314 23.21 6.94
Numerical
method: interval | 119.668 22.567 7.311
of calculation is T
interval of calcu-
lation is 17T 120.716 22.519 7.358

Fig. 4. Steady-state voltage in the circuit of the Buck Boost converter
for two periods 0 < ¢ <27, 0<1<20
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Fig. 6. Steady-state voltage across the capacitor of the Buck Boost con-
verter: 1- the described method for /N =3; 2- the numerical method; 3-
the state-space averaging method; 4 — the mean value evaluated by nu-
merical method

The active power calculated by (26) is Py = 120.723

W. The power on the load calculated by (24) is 90.668 W
and the power dissipated on resistance of an inductor is
P. =30.055 W. It is easy to check that P, = P, + P,

CONCLUSIONS

This paper shows calculation of steady-state processes
in Buck Boost converter circuits with a time-varying load.
The calculation is realised in the way of extension of dif-
ferential equations in the domain of two variables of time
and of the use of the Galerkin method. Use of trigonomet-
ric functions allow to present steady-state processes in
form of the double Fourier series. The generalized aver-
age procedure has been introduced. Steady-state pro-
cesses in the circuit of a DC Buck Boost converter has
been calculated using the described method, a numerical
method and generalized state space averaging method.
The obtained results have been used to calculate the bal-
ance of active power and the RMS values of current and
voltage. The comparison of results by using the proposed
method with results of calculation obtained by the numer-
ical method shown good coincidence.
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AHaJI3 NpoIecy MepeTBOproBava MOCTIMHOI
HampyTH, 1110 BCTAHOBUBCS 3aCHOBAaHUI
Ha pO3LIMPEHHI PIBHSHb
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3enena ['ypa, ITonbmia
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TexHonoriuHNl (akyIbTeT EICKTPOTEXHIKH Ta IHPOPMATUKH
Texuiunuit yHiBepcuteT neaTpanbHoi [ecii, ROR 02qdc9985
INiccen, 'epmanis

AHoTanis—CTaTTd NPUCBAYEHA aHAJI3y NpPoLeECiB B JTaHIIOraX iHBepTOpPa, NPAalI0I0Y0r0 HA 3MiHHE HABAHTAKCHHS.
YnpapiiHHg K104aMH iHBepTOpa i HaBaHTa)keHHA 31iHCHIOETHCHA NEPIOJUYHMMH CHTHAJIAaMH, YACTOTH SKHX He € KpaT-
Humu. IIpouecu B Takiii cucremi onucyoTbest qudepeHUiiHMMHU PiBHAHHSAMY 3 NepioAMYHUMHU KoedinieHTaMu. YcTalleHi
nepiognyHi pilieHHs1 MOKYTh OyTH OTPMMAaHI LIIAXOM PO3LIMPEHHs 3BUYAHHUX AuepeHUiHHUX PiBHIAHDb 3 OHi€I0 He3aJle-
“KHOI0 3MiHHOIO Yacy B PiBHAHHS 3 YACTKOBHUMH MOXiTHMMU 3 ABOMA 3MiHHUMM 4acy. Lli piBHAHHSA BUpilIyIOTHCA 32 1010-
Moror Meroay I'anbopkina, 6a3ucHi i BaroBi ¢pyHkuii sixoro € TpuronomerpuynumMu. HadnuxeHe pimieHHs npeacrap.s-
€TbCSl Y BULIAAL PO3KJIAJaHHA N0 0a3ucy, TPUroHOMeTpH4Hi pyHkuii axoro € ¢pyHkuismu gBox aprymenris. Jlyis 3Haxo-
JKEHHs1 CHCTeMH PiBHSIHb BUKOPHCTOBYEThCS BJIACTHBICTh OPTOrOHAJILHOCTI HEB'sI3Ki 110 BIJHOIEHHIO 10 CHCTEeMH Baro-
BHUX (pyHKnii. Po3paxyHOK OPTOrOHAJILHOCTI IDYHTY€EThCH HA 004MC/ICHHI NOABIiiHUX iHTerpaiB TBOPY HeB'sI3Ki Ha Barosi
¢ynkuii. 3HaX01KeHHs yCTAJIEHOI0 NPOLECY IHBEPTYI040ro NepeTBOopIoBayYa podUThLCA B Pe3yJbTaTi pillleHHA 0TPHMMAaHOL
cucTeMHu piBHAHb anaredpu. OTpuMaHi pilleHHs1 cucTeMHU PiBHAHb ajre0pu NmpeacTaBJsieTbesi y (popMi noasiiiHoro psiay
®@yp'e. OTpuMaHi pe3yJbTaTH NOPiBHIOIOTHCS 3 YHCEJbHUM PO3PaXyHKoOM AudepeHUiliHuX piBHsAHb. UncenbHuii po3paxy-
HOK yCTaJIeHOTro Mpolecy poOHThLCs Mmic/si po3paxyHKy nepexignoro npouecy. IIpeacrapieno y3araaibHeHHsl MeTO1y ycepe-
JHEeHHsI JIsl IPOCTOPY ABOX 3MiHHHX 4yacy. OTpuMaHe, B pe3yJbTaTi ycepeJHeHHs] UM MeTO/I0M, AudepeHuiiiHe piBHAHHS
BHKOPHCTOBYEThCS /LISl 3HAXO/KEHHSI y3arajibHeHHX ycepelHeHHX ycTalleHuX 3HadeHb. [Ipencrapieni Bupasu ais po3pa-
XYHKY aKTHBHOI HOTY:KHOCTI B JIAHIIOTaX iHBepTOpa, 3aCHOBAHi Ha BUKOPHCTaHHI NOABiiHUX iHTerpaJiB. 3podennii pos-
PaXyHOK aKTUBHOI HOTY>KHOCTI, 1110 BiIa€ThCA JKepeJIOM KHBJICHHS i AKTHBHOI NOTYKHOCTI, LI10 PO3CiBa€ThCH B JIAHIIOTax
iHBepTOpa i 3MiHHOr0 HaBaHTaxeHHsA. Po3paxyHok miATBepaKy€ HAABHICTh 0a1aHCY AKTHBHOI IIOTY’KHOCTI B JIAHIIOrax
inBepTOpa 3i 3MiHHMM HABAHTAKEHHSM.

Knrouoei cnosa — pozwupennsn ougepenuyiitnux pieuansv; noodgiunuii pao @yp'e; memoo I'anvopkina.
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