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Abstract—The paper deals with processes analysis in circuits of converter working on a time-varying load. A control of 
inverter and load switches are realised by signals with incommensurable frequencies. Processes in such a system are  
described by differential equations with periodical coefficients. Steady-state periodic solutions can be obtained by the exten-
sion of ordinary differential equations with one independent time variable into partial differential equations with two inde-
pendent variables of time. These equations are solved by use of the Galerkin method with trigonometric basis and weight 
functions. The results of calculations of the steady-state process for a buck-boost converter are presented in form of  
the double Fourier series. They are compared with results obtained in the way of numerical calculation of differential equa-
tions for a transient process. Extended equations are also solved by a generalized state-space averaging method. A balance 
of active power in circuits of converter with the time-varying load is shown. 
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I. INTRODUCTION 
DC converters are used to energy supply of loads with 

constant and varied structure. If DC converter works on  
a varied load, the processes in the circuit are described by 
differential equations with periodic coefficients. Pro-
cesses in such a system can be analysed using analytical 
and numerical methods [1]–[7]. One can also use  
the state-space average model [8] based on the integral 
calculation 

 1 ( )
t
t T

X t dt
T −∫  (1) 

where ( )X t  is a vector of state variables. 

If commutation periods of the converter and loads 
switches are incommensurable, one can use methods de-
scribed in [9], [10]. An extension of differential equation 
is shown in [10] and an approximation of solutions in [9]. 
It should be mentioned, that in case of incommensurable 
frequencies, state-space average models cannot be used. 
In order to simplify a calculation procedure of processes 
it is expedient to use both tools, i.e. the extension of dif-
ferential equations and the approximation of solutions 
[11].  

The aim of this paper is to present methods based on 
the differential equations extension and on use of  
the Galerkin method [12]. The differential equations with 
variable coefficients, dependent on two incommensurable 
control signals, are extended by introducing of two 

independent time variables. The extension of differential 
equations with one variable of time t  is implemented by 
transition to partial differential equations dependent on 
two independent time variables t  and τ . The solution is 
found by use of the Galerkin method with trigonometric 
basis and weight functions. Obtained solutions are de-
scribed by a double Fourier series. An extended lagged 
running average procedure is used in order to generalize 
the state-space averaging method. Periodic steady-state 
current and voltage in circuits of Buck Boost DC con-
verter are calculated. Obtained results are used to calcu-
late a balance of active power in the converter circuits, 
the RMS voltages on a capacitor and an inductor current. 
Results of calculations are also compared with results ob-
tained by a numerical method. 

II. MATHEMATICAL MODEL 
Let us analyse a steady-state process in the DC Buck 

Boost converter with a time-varying load. The circuit  
diagram of the converter is presented in Fig. 1. 

The switches 1S , 2S  and 3S  are ideal. If the switch 

1S  is on, the switch 2S  is off and vice-versa. The switch-
ing function ( )s t  for the switches 1S  and 2S  is shown in 
Fig. 2. When ( ) 1s t = , the switch 1S  is turned on. 

The switch 3S  switches a part of the load. The switch-
ing function ( )tγ  corresponded to states of the switch 3S  
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(when ( ) 1tγ =  then switch 3S  is on) is shown in Fig. 2. 
We also assume, that resistors, capacitors and inductors 
are linear elements. 

Processes in circuits of the converter are described by 
differential equations  

 ( ) 1 ( ) ( )( ) ( )di t r s t s t Ei t u t
dt L L L

−
= − − + , (2) 

 1 2

1 2

( )( ) 1 ( ) ( ) ( )
t R Rdu t s t i t u t

dt C R R C
γ +−

= − ; (3) 

where r  is a resistance of the inductor. These equations 
can be written in matrix form as follows 

 ( ) ( ) ( ) ( )dX t A t X t B t
dt

= +  (4) 

where 
( )

( )
( )

i t
X t

u t
=  is the vector of state variables. 

1 2

1 2

1 ( )

( ) ( )1 ( )

r s t
L LA t t R Rs t

C R R C

−
− −

=
γ +−

−
, 

( )
( )

0

s t E
B t L= . 

In order to solve the differential equation (4) to any 
possible frequencies of control signals we extend this 
equation to the partial differential equation with two  
independent variables of time t  and τ  in the following 
way [10] 

 ( , ) ( , ) ( , ) ( , ) ( )X t X t A t X t B t
t

∂ τ ∂ τ
+ = τ τ +

∂ ∂τ
 (5) 

( )i t

L
C

1R
1S 2S

( )u t

3S

2RE

 

Fig. 1. Circuit diagram of DC Buck Boost converter 

1

( )tγ
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Fig. 2. Switching functions 

where 
1 2

1 2

1 ( )

( , ) ( )1 ( )

r s t
L LA t R Rs t

C R R C

−
− −

τ =
γ τ +−

−
. 

In this equation periods T  and Θ  are incommensura-
ble. In order to obtain a periodic steady-state solution, we 
use trigonometric functions and present this solution in 
the form of the double Fourier series.  

III. CALCULATION OF STEADY-STATE PROCESS 
Let us solve (5) using the Galerkin method, which is 

based on finding of the residuum of the differential equa-
tions [12] 

 ( )
( ) ( ) ( ) ( )X t

dX tR A t X t B t
dt

= − −  (6) 

over the period. Then this residuum is multiplied by 
weight functions and the obtained expression integrates 
over the period. Obtained solutions are used to find an 
approximate value of the vector of state variables. 

For the equation with two-time variables (5) the resid-
uum (6) is also extended as follows 

 ( , )
( , ) ( , ) ( , ) ( , ) ( )X t

X t X tR A t X t B t
tτ

∂ τ ∂ τ
= + − τ τ −

∂ ∂τ
(7) 

over the area 0 t T≤ ≤ , 0 ≤ τ ≤ Θ . 

We use trigonometric functions as basis and weight 
functions for finding the periodic steady-state solution 

 , ( , ) sin( )sin( )n k t n t kϕ τ = ω Ωτ  (8) 
 , ( , ) sin( ) cos( )n k t n t kψ τ = ω Ωτ  (9) 
 , ( , ) cos( )sin( )n k t n t kη τ = ω Ωτ  (10) 
 , ( , ) cos( ) cos( )n k t n t kξ τ = ω Ωτ  (11) 

where 0,1,2,...n = , 0,1, 2,...k =
2
T
π

ω = , 2π
Ω =

Θ
. 

In that case a periodic steady-state solution ( , )X t τ  is 
described by the double Fourier series [13] 

 
( , )

( , ) ,
( , )

i t
X t

u t
τ

τ =
τ







 (12) 

where  

 
, ,, ,

0 0 , ,, ,

( , ) ( , )
( , )

( , ) ( , )

N N n k n kn k n k

n k n k n kn k n k

i t i t
i t

i t i t

ϕ ψ

η ξ
= =

 ϕ τ + ψ τ +
 τ =
 + η τ + ξ τ 

∑ ∑ (13) 

 
, ,, ,

0 0 , ,, ,

( , ) ( , )
( , )

( , ) ( , )

N N n k n kn k n k

n k n k n kn k n k

u t u t
u t

u t u t

ϕ ψ

η ξ
= =

 ϕ τ + ψ τ +
 τ =
 + η τ + ξ τ 

∑ ∑ (14) 

in which ,n kiϕ , ,n kiψ , ,n kiη , ,n kiξ , ,n kuϕ , ,n kuψ , ,n kuη , ,n kuξ  are 
coefficients for the searched current and voltage and N  
is the chosen number of terms. 

Therefore (7) takes the form 
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( , )
( , ) ( , )

X t
X t X tR

tτ
∂ τ ∂ τ

= + −
∂ ∂τ

 

  

 ( , )
( , ) ( , )

( , ) ( , ) ( )

X t
X t X tR

t
A t X t B t

τ
∂ τ ∂ τ

= + −
∂ ∂τ

− τ τ −

 





 (15) 

After multiplying of (7) by the weight functions  
(8-11) and integrating we obtain following expressions  

 ( , ) ,
0 0

( , ) 0
T

X t n kR t dtd
Θ

τ ϕ τ τ =∫ ∫  (16) 

 ( , ) ,
0 0

( , ) 0
T

X t n kR t dtd
Θ

τ ψ τ τ =∫ ∫  (17) 

 ( , ) ,
0 0

( , ) 0
T

X t n kR t dtd
Θ

τ η τ τ =∫ ∫  (18) 

 ( , ) ,
0 0

( , ) 0
T

X t n kR t dtd
Θ

τ ξ τ τ =∫ ∫  (19) 

From the set (16-19) one calculates coefficients for 
the steady-state current and voltage. 

Let us consider a lagged running average procedure 
for extended equations 

 1 ( , )
t
t T

X t d dt
T

τ

− τ−Θ
τ τ

Θ ∫ ∫  (20) 

This expression extends (1) and allows finding  
the averaged state-space model. Using (20) one obtains 
the averaged state-space model for the DC Buck Boost 
converter 

 
ˆ ( , ) ˆ( , ) ( , ) ( )dX t A d X t B d
dt

τ
= δ τ +  (21) 

where 
ˆ( , )ˆ ( , )
ˆ( , )
i tX t
u t
 τ

τ =  
τ 

 is a vector of averaged state var-

iables; 

1 2

1 2

1

( , ) 1

r d
L LA d R Rd

C R R C

− − − 
 δ =

δ +− − 
 

; ( )
0

dE
B d L= ; 

1td
T

= ; 1τδ =
Θ

. 

Solving (21) for steady-state one obtains 

 1ˆ ( , ) ( )X A d B d−= − δ  (22) 

where 1( , )A d −δ  is the inverse matrix; 
ˆˆ
ˆ
iX
u
 

=  
 

 is a vec-

tor of averaged steady-state variables, 

 1 2
2

1 2 1 1 2

(1 )ˆ
( )

d dR R E
u

d R R r R R R
−

=
+ − δ + δ

 (23) 

1 1 2
2

1 2 1 1 2

(1 )( )ˆ
( )

d R R R E
i

d R R r R R R
− − δ + δ

=
+ − δ + δ

  

Let us calculate the power consumption of the time-
varying load as follows 

 
[ ]2

1 2

1 20 0

( , ) ( )1 T

L
u t R R

P dtd
T R R

Θ τ γ τ +
= τ

Θ ∫ ∫  (24) 

In turn, the power dissipated by the resistance of an 
inductor is [14] 

 2

0 0

1 ( , )
T

rP ri t dtd
T

Θ
= τ τ

Θ ∫ ∫  (25) 

The Buck Boost converter converts the active power 
as follows 

 
0 0

1 ( ) ( , )
T

EP s t Ei t dtd
T

Θ
= τ τ

Θ ∫ ∫  (26) 

In what follows we will see that a balance of active 
power for such a system remains. 

IV. SIMULATION RESULTS 
Let us calculate the steady-state process for the ele-

ment values: 0.556r = Ω , 167C F= µ  1.11L mH= , 

1 3R = Ω , 2 10R = Ω , 44.4E V= , 9kHzω = , Ω = πω , 

1 0.6t T= , 1 0.34τ = Θ . The integrals (16-19) are calcu-
lated by the use of Mathematica for arbitrary n  and k  
numbers. We also take into account that the trigonometric 
functions (8-11) are used and the switching functions  
depend on one argument. 

The steady-state current and voltage in circuits of the 
Buck Boost converter for two periods and for N  = 3 are 
presented in Fig. 3 and Fig. 4. These results do not prac-
tically change when calculated for greater chosen N. 

In order to obtain processes in the domain of one time 
variable one equals t  to τ . The steady-state current in 
the inductor and voltage across the capacitor are shown in 
Fig. 5 and Fig. 6 (curve 1). There are also presented  
the results obtained by the numerical method embedded 
in Mathematica (curve 2) as well as lines corresponded to 
extended state-space averaging method (line 3) and mean 
values evaluated by numerical method (line 4). Processes 
calculated by the proposed and numerical methods coin-
cide practically for all points. 

The output voltage of DC Buck Boost converter vs. 
duty cycles calculated by (23) is shown in Fig. 7. 

The active powers, the RMS voltage and current cal-
culated by the proposed method, by generalised state-
space averaging method as well as by numerical method 
are presented in Table 1. 

As one can see that the values calculated by  
the numerical method tend to the values calculated by the 
proposed method when the interval of calculation is  
increased. 
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i( , )t τ

t

τ

 

Fig. 3. Steady-state current in the circuit of the Buck Boost converter 
for two periods 0 2t T≤ ≤ , 0 2≤ τ ≤ Θ  

t

τ

u( , )t τ

 

Fig. 4. Steady-state voltage in the circuit of the Buck Boost converter 
for two periods 0 2t T≤ ≤ , 0 2≤ τ ≤ Θ  
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Fig. 5. Steady-state current in the inductor of the Buck Boost converter: 
1- the described method for N =3; 2- the numerical method; 3- the 
state-space averaging method; 4 – the mean value evaluated by numer-
ical method 
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Fig. 6. Steady-state voltage across the capacitor of the Buck Boost con-
verter: 1- the described method for N =3; 2- the numerical method; 3- 
the state-space averaging method; 4 – the mean value evaluated by nu-
merical method 

( , )u d δ

d

δ

 

Fig. 7. Output voltage vs. duty cycles  

TABLE 1 

Method Power, W RMS volt-
age, V 

RMS cur-
rent, A 

Proposed method 120.723 22.495 7.36 
State-space aver-
aging method 

 
123.314 

 
23.21 

 
6.94 

Numerical 
method: interval 
of calculation is T 
interval of calcu-
lation is 17T 

 
119.668 
 
 
120.716 

 
22.567 
 
 
22.519 

 
7.311 
 
 
7.358 

 

The active power calculated by (26) is EP = 120.723 
W. The power on the load calculated by (24) is 90.668 W 
and the power dissipated on resistance of an inductor is 

rP = 30.055 W. It is easy to check that E L rP P P= +  

CONCLUSIONS 
This paper shows calculation of steady-state processes 

in Buck Boost converter circuits with a time-varying load. 
The calculation is realised in the way of extension of dif-
ferential equations in the domain of two variables of time 
and of the use of the Galerkin method. Use of trigonomet-
ric functions allow to present steady-state processes in 
form of the double Fourier series. The generalized aver-
age procedure has been introduced. Steady-state pro-
cesses in the circuit of a DC Buck Boost converter has 
been calculated using the described method, a numerical 
method and generalized state space averaging method. 
The obtained results have been used to calculate the bal-
ance of active power and the RMS values of current and 
voltage. The comparison of results by using the proposed 
method with results of calculation obtained by the numer-
ical method shown good coincidence. 
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Анотація—Стаття присвячена аналізу процесів в ланцюгах інвертора, працюючого на змінне навантаження. 
Управління ключами інвертора і навантаження здійснюється періодичними сигналами, частоти яких не є крат-
ними. Процеси в такій системі описуються диференційними рівняннями з періодичними коефіцієнтами. Усталені 
періодичні рішення можуть бути отримані шляхом розширення звичайних диференційних рівнянь з однією незале-
жною змінною часу в рівняння з частковими похідними з двома змінними часу. Ці рівняння вирішуються за допо-
могою методу Гальоркіна, базисні і вагові функції якого є тригонометричними. Наближене рішення представля-
ється у вигляді розкладання по базису, тригонометричні функції якого є функціями двох аргументів. Для знахо-
дження системи рівнянь використовується властивість ортогональності нев'язкі по відношенню до системи ваго-
вих функцій. Розрахунок ортогональності ґрунтується на обчисленні подвійних інтегралів твору нев'язкі на вагові 
функції. Знаходження усталеного процесу інвертуючого перетворювача робиться в результаті рішення отриманої 
системи рівнянь алгебри. Отримані рішення системи рівнянь алгебри представляється у формі подвійного ряду 
Фур'є. Отримані результати порівнюються з чисельним розрахунком диференційних рівнянь. Чисельний розраху-
нок усталеного процесу робиться після розрахунку перехідного процесу. Представлено узагальнення методу усере-
днення для простору двох змінних часу. Отримане, в результаті усереднення цим методом, диференційне рівняння 
використовується для знаходження узагальнених усереднених усталених значень. Представлені вирази для розра-
хунку активної потужності в ланцюгах інвертора, засновані на використанні подвійних інтегралів. Зроблений роз-
рахунок активної потужності, що віддається джерелом живлення і активної потужності, що розсівається в ланцюгах 
інвертора і змінного навантаження. Розрахунок підтверджує наявність балансу активної потужності в ланцюгах 
інвертора зі змінним навантаженням. 

Ключові слова — розширення диференційних рівнянь; подвійний ряд Фур'є; метод Гальоркіна. 
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