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Abstract—The paper considers the conditions for capturing a dielectric nanoparticle in a liquid by an optical tweezers
trap. It is shown that the displacement of a nanoparticle from the equilibrium position under the action of a local physical
field not associated with a laser trap shaper can be used to create a nanosensor for fields of physical or chemical origin.
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L INTRODUCTION

The invention of the optical tweezers in 1969 by
the American physicist A. Ashkin became the basis for
developing two directions of nanotechnology — the con-
tactless manipulation of nanoparticles and the use of
nanoparticles captured by the optical trap of tweezers as
Nnanosensors.

The manipulation of nanoparticles with optical twee-
zers has opened up new directions in microbiology and
nanotechnology. Controlling individual biomolecules'
spatial position made it possible to trace proteins' interac-
tions with each other and with DNA [1]. Optical manipu-
lation made it possible to sort and examine cells [2].
The ability to assemble cells into structures used to
develop new drugs and counteract cancer cells has proved
to be especially valuable [3].

If the manipulation of biological objects occurs
mainly in liquid, then the capture of an individual particle
in air opens up opportunities for a complete study of its
properties since the observation time of a particle can be
made longer, and it is easier to eliminate the influence of
external factors on it [4].

Computer simulation of optical tweezers' interaction
with nanoparticles makes it possible to assess this device
and the potential areas of its application [5].

The first model of optical tweezers appeared in 1970
in the article by A. Ashkin [6]. Ashkin showed that a laser
beam focused into a colloidal solution attracts the col-
loid's microparticles to its axis and accelerates them. In
the experiments, he used radiation from an argon laser
with a wavelength of A = 514 nm and a power of P =
=19 mW, which in the focal region formed a waist (neck)
of the beam with a radius of wo = 6.2 p. The transparent
spherical latex particles dispersed in the water had
aradius ofa=1.3 .

The model of laser capturing the dielectric micro-
sphere, which is much larger than the wavelength of laser
radiation, was proposed by W. Wright and colleagues'
article back in 1990 [7]. As in Ashkin's, the model was

based on a geometric interpretation of the interaction of
a laser beam with a microsphere. The model used
the method for calculating the reflection and refraction of
oblique rays (non-coplanar with the beam axis), described
in the book by M. Born and E. Wolf [§].

In 1992, Ashkin showed that using the ray model of
a laser beam's interaction with a particle (the so-called
Mie scattering mode), it is possible to calculate the forces
acting on a particle in a laser beam [9].

J. Harada and T. Asakura described in 1996 the effect
of light on a dielectric particle much smaller than A
(the so-called Rayleigh scattering mode) [10].

The general case of optical capture of dielectric parti-
cles less than or equal to A was described in 2001
by A. Robach and E. Stelzer [11].

In one of the first, if not the first, optical nanosensors,
a nanoparticle moved with optical tweezers was associ-
ated with fluorescein, and it was determined from the shift
of its fluorescence spectrum that the pH of water is dif-
ferent near the wall of a glass vessel and in-depth [12]. In
later versions of optical nanosensors, in addition to fluo-
rescence, the violation of the total internal reflection of
light and the formation of an evanescent field [13, 14],
localized surface plasmon resonance [15, 16], surface-
enhanced Raman light scattering [17, 18], and optical-
mechanical phenomena [19, 20] began to use.

Particles used in the nanosensors range in size from 1
to 100 nm. The particle material (metal, semiconductor,
or dielectric) determined the nature of the interaction with
laser radiation and measured quantities.

The article describes a mathematical model of an
optomechanical nanosensor based on optical tweezers
with a dielectric nanoparticle as a probe.

II.  EQUILIBRIUM CONDITIONS OF A DIELECTRIC
PARTICLE IN THE OPTICAL TRAP

Let us consider the conditions for capturing a spheri-
cal dielectric particle by a waist of a Gaussian laser beam
with a wavelength A and power P. Let the particle
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immersed in a liquid with a refractive index n0O has
a refractive index » and a radius a << A..

Assume that the center of the waist of the laser beam
(optical trap of the tweezers) coincides with the origin of
the Cartesian coordinate system XYZ, the laser beam is
directed vertically downward along the Z-axis, and (x4,
V4, z4) are the coordinates of the particle at the point 4

(Fig. 1).

In a liquid, an illuminated particle is influenced by
five forces — gravity F,, Archimedes force Fl, scattering
force Fca,, and gradient force Fjqq created by the laser
beam, and the Stokes force Fi; (friction force appearing
when the particle moves). Let F be the resultant of these
forces, then its components along the X, ¥, and Z axes can
be represented as

Fy :iFscat.xiFgrad.x_FSt.x’ (1)
Fy = iF:vcat.y iFgmd.y _FSt.y > 2)
Fz:P:vcat.z_FAr+ng_Fgrad.z_FSt.z’ 3)

where in formulas (1), (2), and (3) the sign "+" corre-
sponds to the conditions x-x3<0, y—y,<0,

z—25<0.

The resultant force of gravity and the force of Archi-
medes can be found by the formula

4
Fg_FArzgm3(p—Po)gﬂ )

where p is the density of the particle, po is the density of
the liquid, g is the strength of the gravitational field.

The scattering force can be represented as [21]

8 4 6ng nz—ng ?
Foeqr =3mka” —| ——| S, 5)
3 ¢\ n” +2nj

where £ is the wavenumber (k = 2r/1A ), ¢ is the speed of
light in vacuum, S is the Poynting vector.

The Poynting vector is directed along the axis of
the laser beam Z only at the beam waist. Outside
the waist, at some point A(y4, z4) of the axial section of
the beam, it coincides with the tangent to the hyperbolic
generatrix of the beam drawn at this point. The shape of
the hyperbola is determined by the numerical aperture of
the focusing lens of the optical tweezers NA =n;sin0,

where 0 is half of the angular aperture of the lens;
the angle:

0 = arcsin [N—A] (6)
o

set the slope of the 40 asymptote of the beam's hyper-
bolic generatrix relative to the beam axis Z.

Let us write the equation of the hyperbola (according
to the notation in Fig. 1) in the canonical form:

5=, @)

Tangent to beam
generatrix

{ Waist of
Gaussian beam

-
Fal

Generatrix
of Gaussian beam

Fig. 1 Relationship of geometric parameters of a laser beam with
the direction of the Poynting vector S

where p = DO =w; and
q=CE/tan®=DO/tan0 = w, /tan0.

Substituting these parameters of the hyperbola, as
well as the relation (6) into equation (7), we obtain

1/2

2 2 2 . NA /
y=| wy +z" tan” arcsin— | .
o

The direction of the scattering force vector Fcq coin-
cides with the direction of the Poynting vector S. If
the point 4, in which the particle is located, lies on the
hyperbolic generatrix of the beam, then the Poynting vec-
tor lies on the tangent drawn to the hyperbola at this point.
The angle of inclination of this tangent can be found by
taking the derivative of the function y(z) at point 4:

dy z 4 tan? arcsin (NA/ny)

tanp =—
? dz

Z=zZy =

/2"
[wé + 27 tan? arcsin ( NA/ng )J /

Note that all the calculations and constructions pre-
sented below concern only particles located on the axis or
the hyperbolic generatrix of the beam, the shape of which
is known and it is known where the Poynting vector is
directed on this generator.

Let us replace the vectors in formula (5) by their mod-
uli and take into account that the modulus of the Poynting
vector can be approximately represented by the intensity
1 of the laser beam:

®
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2
6 2 2
nga 1| n” —nj
F,,| =k S ®)
| Swt' et [n2+2n5)

where K; =1,31+10%.

In the case of a Gaussian laser beam profile, the radi-
ation intensity

2 2 x2+y2
IEI(x,y,z):Iol:%} exp| - ( ) ,9)

w(2)

where for a waist radius wy, the axial beam intensity is

I=—=,
™o

(10)

and the beam radius at a distance z from the waist is

12
. NA
w(z) = (wg + 27 tan? arcsmN—j . (11
o

Taking into account formulas (9), (10), and (11),
the intensity distribution in the cross-section of a Gauss-
ian beam can be written as

2 2
p Z(x +y )
I(xayaz)z P eXp| — 2
W (2) w(z)

(12)

Substituting formula (12) into formula (8), we find
the value of the modulus of the scattering force vector for
an arbitrary point of the Gaussian beam:

|Fscat|=
2
2n0a6P n’ —ng
=K— 2 52| (13)
cAw (2)\ n” +2ng
2(x2 +y2)
.exp B

w?(2)

From the above ratios, the modulus of the scattering
force vector can be determined only for points located on
the hyperbolic guide and on the beam axis.

According to formula (13), the axial scattering force
is

2

2n0a6P nz—ng
Fo.ulz)=K . (14
Ymt( ) ck4nw2(z)[n2+2n§

The gradient force is described by the formula [21]:

16na’ng [ n> —n3
Fgma’ = t 2 02 v|S| > (15)
c n +2I’l0

where V |S| is the gradient of the Poynting vector modu-

lus, which can be represented by the radiation intensity
gradient VI . A dielectric particle in the field of action of
the beam is pulled onto the axis if # > n, and is expelled

from the beam if n <n .

The axial gradient force is described by the formula

Fgrad (Z) =

64n2w§a3n0K2Pz n’ —né 16)
n’ +2n§ .

2
c(nzwg + Xzzz)
Let us find the ratio of the forces acting in the center

of the laser beam waist. For this, we take the following
values of the model parameters:

e ambient temperature 7 =293 K;

e wavelength of laser radiation A = 520 nm;

e power of laser radiation P = 100 mW;

o radius of the laser beam waist wo =1 p;

e the numerical aperture of the objective NA = 0.95;
e refractive index of liquid (water) no = 1.33;

e liquid density po = 1000 kg/m>;

e particle radius ¢ = 10 nm;

e the density of the particle material (titanium
dioxide, TiO2) p = 4050 kg/m®;

o —refractive index of the particle material n = 2.3.

According to formulas (12), (13), and (14), the scat-
tering force

2K nya®P _
Fycaro :%:5305'10 17N >
chmwy

according to formulas (15) and (16), the gradient force

Fyraq0 =0, and the difference between gravitational

and Archimedean forces

4 _
Fy—F,, =§na3(p—p0)g =1,25-100N.

In the further analysis, the last two forces can be
neglected.

Using the formula (11), we obtain the dependence of
the axial scattering force on the distance to the center of
the waist (Fig. 2). Using the formula (16), we derive
a similar dependence for the gradient force (Fig. 3).

As expected, at the center of the waist, the laser
beam's intensity is maximum, and the scattering force
takes on a maximum value, and the gradient force disap-
pears but increases very rapidly with distance from
the center. To investigate the waist region, let us plot
the dependencies Fical2), Forad(z) and
F(z):Fscat(z)+Fgmd (z) on one graph. From

the graphs shown in Fig. 4, it can be seen that the scatter-
ing and gradient forces balance each other at the axial
point with the coordinate z.,0 = 17 nm. This point is
the center of the optical trap for a dielectric particle in
the considered model of optical tweezers.

Note that in a parallel Gaussian beam, the gradient
force is present only at the off-axis points of the beam,
and after the particle is attracted to the axis, only the scat-
tering force acts on the particle.
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Axial scattering force near beam waist invisible at a greater distance. The nature of such interac-
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Fig. 2 Dependence of the axial scattering force on the distance before
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Fig. 3 Dependence of the axial gradient force on the distance to the cen-
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Fig. 4 Equilibrium of the scattering and gradient forces near the center
of the waist Gaussian laser beam (the equilibrium point z( is marked

with circle)

III. OPTICAL TWEEZERS AS A SENSOR

Let us consider what additional forces can move
the particle from the equilibrium position. If a particle is
near the surface of a solid, surface forces begin to act on
it. At a distance L <100 nm, interaction forces appear
between the particle and the body surface, usually

appear at a distance of L < 1 nm. We will not consider
them but dwell on a more long-range force — the van der
Waals force.

Additional force F, appeared in the laser beam waist
leads to a displacement of the particle from the equilib-
rium position with the zo coordinate to the place with
the z; coordinate. If an additional force acts along
the Z-axis, then the particle's equilibrium occurs under
condition F, + F,; = 0. The magnitude of the displace-

ment Az =z —z; is a characteristic of this force. We can
also assume that w(z) = w;, because the particle is in an

optical trap. Near the equilibrium point, the Stokes force
becomes negligible. Then, in the presence of additional
force, the equilibrium according to formulas (3), (4), (14),
and (16) is determined by the equation

K n0a3P n’ —ng ?
: ck4nw§ n* + an )
(17
32n0k2le n* - n(%
- 2 6 5 5 +Fadd =0.
cnwy  \ n” +2ng

Equation (17) can be considered as a mathematical
model of this nanosensor used as a force meter. This
equation takes into account that near the equilibrium

position thwg >> kzzlz .
If a nanoparticle of radius a approaches the flat sur-

face of a solid at a distance L << A, then the van der
Waals force begins to act on it [17]:

C Ha
6.1
where Cy is the Hamaker constant, which for most solids
is in the range of 1071°-1072° J. Taking Cyy = 1072°J, we

find the dependence of this force on the distance for par-
ticle radius values of 10, 50, and 100 nm (Fig. 5).

Fyaw = ; (18)

As shown in [22], the lower threshold for measuring
force using optical tweezers is approximately 1 fN. Fig. 5
shows that at a distance of 100 nm from the surface, even
the smallest of the considered particles — a particle with
a radius of 10 nm — is acted upon by force greater than
1 fN. Note that such a particle's movement along the sur-
face, which can be realized using a two-coordinate stage
with a piezo drive, makes it possible to measure the sur-
face nanorelief.
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Fig. 5 Dependence of the van der Waals force on distance of a particle
to the surface of a solid for three values of the particle radius
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Fig. 6 Dependence of nanosensor sensitivity to a displacement of
the surface of a solid in the zone of action of the van der Waals force

Let us assume that the surface of a solid body is per-
pendicular to the Z-axis, and the particle is brought closer
to this surface, which is in an optical trap in a state of
equilibrium. Taking into account the action of the van der
Waals force (18), the equilibrium condition (17) takes
the form:

2

K n0a3P n’ —ng

| -
ck4nwg n® + 2n§

B 32n07»2le n’ —né Cpya 0
n?+ 2n§ 61 .

The sensitivity of a sensor based on optical tweezers
and a dielectric nanoparticle to the van der Waals force is
determined by the ratio:

cn? wg

2 2 2

S dz cCy (n +2n)) )awo

Vaw ==~ .
dL 96(112 —n(%)nokzPL3

Fig. 6 shows the dependence Sy, (L) for a particle
with a radius of @ = 10 nm and three values of the laser

radiation power. The S,qsw sensitivity shows how many
times the axial displacement of a particle under the van
der Waals force's action is greater than the displacement
of the surface in the opposite direction. For example, if,
at a radiation power of P =30 mW, the surface located at
a distance of L = 100 nm is displaced by a value of AL =
= 1 nm, then the particle moves towards the surface at
a distance of Az = 65 nm. Thus, optical tweezers with
a nanoparticle in an optical trap can be used as a sensitive
sensor for ultra-low forces of various origins that violate
the initial equilibrium of the nanoparticle.

IV. INFLUENCE OF BROWNIAN MOTION ON
THE ACCURACY OF PARTICLE POSITIONING

A nanoparticle in a liquid moves chaotically under
the impact of molecules of the medium (Brownian
motion). In the XY plane, perpendicular to the Z-axis of
the laser beam, for a time interval A¢t, a spherical particle
of radius a moves according to the Stokes-Einstein equa-
tion at a distance with an RMS value

<Ar>: /2kBTAt ’
3ma

where kg is the Boltzmann constant, 7 is the temperature
of the liquid, n is its viscosity. Due to the Brownian
motion, a particle with a radius of 10 nm, which is in
water with a temperature of 293 K, will move by an aver-
age of 1 pin 10 ms if it is no force will act. If the particle
is in the laser beam's gradient electric field, the particle's
random motion will be suppressed the stronger,
the greater the power of the laser beam and the sharper its
focusing.

In the laser beam's waist, the particle falls into
the potential well created by the gradient force.
The Brownian motion of a particle near the waist can be
neglected if the depth of the potential well is much greater
than the kinetic energy of the particle's Brownian motion.
This condition can be written as [21]

n(n2 —n(z) )aSP
2

chy (n2 + 2ng )wo

> 3kpT . (19)

To fulfill condition (19) at n =2.3, np=1.33 and T =
= 293 K, the laser radiation power (in watts) must be
related to the particle radius (in meters) by the ratio

P>13-102*¢> . For a = 10 nm, a power P = 1.3 W is
required, and for 100 nm — 1.3 mW.

CONCLUSIONS

Based on an analysis of the forces acting on a dielec-
tric nanoparticle near the waist of a Gaussian laser beam,
a mathematical model of optical tweezers is constructed,
and the formation of an optical trap capable of capturing
a particle and holding it in the waist is demonstrated. Cal-
culations have shown that in a focused laser beam,
the gradient force prevails over the scattering force and is
equalized to it only in the focus's immediate vicinity.
Equilibrium conditions for a nanoparticle in a focused
laser beam are found.

The influence of the Brownian motion of the mole-
cules of the medium (water) on the nanoparticle's
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positioning accuracy is considered. It has been estab-
lished that a particle with a radius of 10 nm, which is in
water, in 10ms can be at a distance of 1 p from its initial
position if no forces act on it. If the power of the laser
radiation is sufficient for the depth of the potential well
created by the gradient force to significantly exceed
the kinetic energy of the Brownian motion of the particle,
then the effect of the latter on the particle positioning
accuracy can be neglected.

It is confirmed that the motion of a particle in
a medium with nonzero viscosity occurs at a constant
speed and depends on the radius of the particle and
the radiation intensity within the particle cross-section.
The wvalue of the particle velocity, obtained from
the developed mathematical model of the optical twee-
zers, coincides with high accuracy with the value found
by Ashkin [6].
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MatremaTr4Ha MOJieIb HAHOCEHCOpAa Ha OCHOBI
ONTUYHOIO ITHIIETA

Yamrok B. O., x.1.1. nou., ORCID 0000-0003-0063-6079

HauioHaneHuii TeXHIYHUH yHIBEpCUTET Y KpaiHu

"KuiBcbkuii mositexHignuii incTutyT iMeHi Iropst Cikopebkoro" ROR 00synSv21
KuiB, Ykpaina

Anomayia—CTaTTS NPUCBSYEHA ONTUYHOMY NiHLETY — NPUCTPOIO, IKMIi 103B0.IsI€ 0€3KOHTAKTHO MaHiNyJIIOBAaTH Yac-
THHKAMH MIKPOHHHX Ta cyOMiKpOHHUX po3MipiB. s BaacTHBicTh ONTHYHOrO MiHLETA BiKe MOHA TPUALSTH POKIB BHKO-
PHMCTOBYEThCSI B MiKp00ioJorii i Aa€ 3Mory copTHpPYBaTH KJIITHHH Ta AOCJTIIKYBATH B3a€MOJil0 NPoOTeiHIB Mik co0010 Ta
3 JHK. VY cTaTTi po3risiHyTo CHJIH, sikKi BHHHKAIOTh B MepeTsiKii c()OKyCOBAHOI0 J1a3epHOro mMy4ka i siki Aal0Th 3Mory
CTBOPUTH ONTHYHY NACTKY /I YACTHHKH.

3 00Ky J1a3epHOro my4ka Ail0Th po3ciloBajibHA cHJIa (THCK CBiT/Ia) Ta IPalicHTHA CUJIA eJIeKTPHYHOIO MOJIsI CBIiTJI0BOT
xBHJi. 3 00Ky cepeloBHIIA HA YACTHHKY TAKOXK AII0Th CHJIA TSKIHHA Ta cuj1a ApxiMena. Pyx yacTuHky B pinuHi a0o nositpi
BHKJIMKA€ NOSIBY CHJIM ONOPYy cepenoBuina — cuiim Ctokca. Y pasi BincyTHocTi rpagienTHoi cuim cuina Crokca cradiaizye
INBU/IKICTh YACTHHKHU Yepe3 JesKuil yac micjs mo4arky Aii Ha Hel THCKY CBiTJa 200 30BHIIHBOrO €JIeKTPUYHOIO MOJIS.
Y poboti nokazaHo, o B ¢okaibHiii 00JacTi cokycoBaHOTIO0 JIa3epHOro MyYKa IPaJieHTHA CHJIA 3HAYHO NepeBakae po3-
ciloBaJIbHY CHJIY i BOHM 3PiBHIOIOTHCS TUIbKHU Y TOYLi PIBHOBArH YaCTHHKM, PO3TalIOBaHii nmod.au3y ¢okyca.

Y cTarTTi npoaHali3oBaHO YMOBH 3aXO0MNJIeHHs Jie/IeKTPUYHOT HAHOYACTHHKH NACTKOI0 ONTHYHOIO MiHIeTa Ta BILTHB HA
M0JIO’KeHHS] YACTHHKHU JIOKAJbHHUX eJeKTPHYHHUX MojiB. YacTHHKa, 3aX0MJIeHa MACTKOI0, 3HAXOAMTHLCS Ha OcCi Ja3epHOro
Ny4Ka, HA HeBEeJIMKIil BigcTaHi Bil nepeTsKKH.

Skino JoKkaNbHe eJeKTPUYHE M0Jie MPUKJIAAETHCSI B3/I0BXK OCi JIa3epHOr0 IyYKa, TO YACTHHKA MepPeXOANTh B HOBe
N0JI0KeHHS PiBHOBaru. 3a BeJIMYUHOI0 O0CHOBOI0 3MilllcHHSl YACTHHKU MOKHA OLIHMTH Hampy:KeHicTh nojs. JlokajabHe
eJleKTPUYHE [0JIe BHHUKAE, HANIPUKJIaJ, y pa3i MixkMoJiekyIsipHOi B3aeMopii | mosiBu BaH nep Baanbcosoi cuiu.

Y poGoTi 3anponoHOBaHO BHKOPHCTOBYBATH ONTHYHMIA MiHIET 3 HAHOYACTHHKOIO, 3aXOIJICHOIO NMePeTAKKOI0 Ja3ep-
HOT0 My4Ka, B AKOCTi HAHOCEHCOPA JI0KAJIbHOT0 eJIeKTPHYHOI0 MoJis. Po3paxoBaHo 4yT/IMBicTh TAKOT0 HAHOCEHCOPa y pasi
Aii Ha YyacTHMHKY BaH Jep BaanbcoBoi cuian. 3anponoHOBaHO BHKOPHCTOBYBATH HAHOCEHCOP Pa3oM 3 2-KOOPAMHATHHM
11’ €30PUBO/IOM /LISl 3UMTYBAHHS HAaHOpeIbe(y NMOBEPXHi.

OcCKVIbKH TOYHICTH 3aIIPONOHOBAHOI0 HAHOCEHCOPA BHU3HAYAETHCS BEJUYMHOK NOXHOKH y BHMiploBaHHi JiHiliHOrO
3MillleHHSI YaCTHHKH M\ Ji€10 JJOKAJIBbHOIO eJIEKTPHYHOIO 10151, TO BasKJIUBY PO.Jb Bigirpae OpoyHiBChbKHil pPyX YaCTHHKH
mig Qi€ mowmToBXiB 3 60Ky MoJsekyJ cepenopuma. Ilokazano, mo y Boai 3a BincyTHocTi OyAb-IKMX 30BHIllIHIX BILIUBIB
yacTuHKa pajgiycom 10 M 3a 10 mc moxe omuHUTHCS HA Bixcrani 1 MxM Big moyatkoBoro mojoxxenHs. 11106 3amo6irru
TaKOMY OJIyKAHHIO YACTHHKH, IOTPiOHO CTBOPHUTH 1151 Hel MOTeHUiaJbHY MY, INTIMOMHA sIKOi 6i/1b1Ia 32 KiHeTUYHY eHepriio
YACTHHKHU. 3HAN/ICHO YMOBY, 32 IKOI TaKa CUTyallisl MOK/IMBA.

Knrwuoei cnosa — aasepy onmuuHul niuuem; onmuuna nacmka, 0ie11el<mpulma HAHOYACMUHKA; HAHOCEHCOop; Uyniu-
sicmb; MamemamuiyHa mooes.
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