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Abstract—This paper deals with analysis of steady-state processes in an inverter circuit. Since a configuration of the 
inverter circuit is changed processes in such a circuit are described by differential equations with variable coefficients. It is 
supposed that the inverter circuit changes periodically. The Lyapunov's transform, a method of expanding of a differential 
equation to an equation in partial derivatives and the two dimensional Laplace transform are used to find a steady-state 
process. The transfer function and frequency response for processes running in the inverter circuit are introduced.  
The steady-state process is obtained in the form of the double Fourier series. An example of an inverter is considered and a 
set of frequency responses is presented. 

Ref. 6, fig. 6. 
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I. INTRODUCTION 
Processes in inverter circuits are often described by 

differential equations with periodical coefficients. This is 
connected with the presence of switching elements in  
inverter circuits and periodic control signals.  

Power sources govern the work of inverter circuits. 
Both power sources and control signals determine nature 
of processes. In many cases steady-state voltages and cur-
rents can be presented by the Fourier series. If periods of 
power sources and control signals are incommensurable 
then a steady-state process in domain of one variable of 
time does not exist.  

A definition of frequency response [1] is based on 
steady-state processes running in a linear circuit with con-
stant parameters. In the circuit with time-varying ele-
ments we have a mutual effect of influence both power 
sources and control signals on a load. Therefore in such 
systems we cannot use the classic definition of frequency 
response.  

Let´s assume that power sources and control systems 
are independent. Expanding differential equations in  
a domain of two independent variables of time [2] we can 
find steady-state process. In that case we can find depend-
ences describing frequency characteristics as a function 
of a source frequency. 

The subject of this article is to spread definition of fre-
quency response for circuit with time-varying elements. 
The method is based on an expanding of a differential 
equation by introducing an additional independent time 
variable. A steady state process is obtained by using the 
two dimensional Laplace transform and is represented by 
the double Fourier series. A set of frequency responses is 
obtained for an inverter with variable structure. 

 

Fig. 1 Topology of the inverter 

II. MATHEMATICAL MODEL 
Let us find a steady-state process in the circuit of  

the inverter presented in Fig. 1.  

The switches 1S  and 2S  are periodically turned on 
and off at the same instant. Switches work with the period 
Θ  as shown in Fig. 2 alternately, if 1S  is on 2S  is off 
(when ( ) 1s t =  1S  is closed and 2S  is open). 

The differential equation describing processes in  
the circuit has the form 

   

  Fig. 2 Switching function 
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 ( ) ( ) ( ) ( )di tL R t i t e t
dt

= − + , (1) 

where 1 1

2 1

, ,
( )

, ( 1) ,
R n t n t

R t
R n t n

Θ ≤ ≤ Θ +
=  Θ + ≤ + Θ

 1R  is equal to  

the sum of resistances of an inductor, a switch 1S  and  
a load R ; 2R  is equal to the sum of resistances of  
the inductor, a switch 2S  and the load R ; 0,1,..n = ., 

( ) ( )e t e t T= + , T  is a period of a power source. 

We assume that periods of a source voltage ( )e t  and 
the control signal are incommensurable. In that case  
a steady-state process (1) is not periodic. 

In order to obtain a periodic steady-state solution of 
(1) let us expand the domain of the differential equation 
(1) from one independent variable of time t  to two inde-
pendent variables of time t  and τ  as follows [2]: 

 ( , ) ( , ) ( ) ( , ) ( )i t i tL L R i t e t
t

∂ τ ∂ τ
+ = − τ τ +

∂ ∂τ
. (2) 

Using Lyapunov’s transform [3]  

 ( , ) ( ) ( , )i t F y tτ = τ ⋅ τ , (3) 
we transform differential equation (2) with the periodical 
coefficient ( )R τ  to a differential equation with a constant 
coefficient  

 ( , ) ( , ) ( )( , ) ( )y t y t e tK y t N
t L

∂ τ ∂ τ
+ = ⋅ τ + τ ⋅

∂ ∂τ
, (4) 

where ( ) ( )F Fτ = τ + Θ  is a Lyapunov’s function; ( , )y t τ  
is a new state variable, ( )N τ  is a function which is  
inverse to ( )F τ , ( ) 1/ ( )N Fτ = τ . 

A constant K  and the function ( )F τ  are determined 
from the equation 

 ( ) ( ) ( ) ( )dF R F F K
d L

τ τ
= τ − τ

τ
 (5) 

and conditions ( ) ( )F Fτ = τ + Θ  and (0) 1F = . 

The function ( )F τ  is a piecewise continuous func-
tion. Solving the equation (5) in the interval 10 t≤ τ ≤  
gives 

1( ) KF e eα τ − ττ = , 

and in the interval 1t ≤ τ ≤ Θ  gives 

2 1 1 1( )( ) t t KF e e eα τ− α − ττ = , 

where 1
1

R
L

α = − , 2
2

R
L

α = − . 

The constant K  is determined by using conditions 
( ) ( )F Fτ = τ+ Θ  and (0) 1F = : 

2 1 1 1( ) 2 1 1 1( )1 ln t t t t
K e eα Θ− α α Θ − α = = Θ Θ

. 

The differential equation (4) is the partial differential 
equation and defines the function ( , )y t τ  in the domain of 
two variables. In this domain a steady-state process  
exists , i.e. ( , ) ( , )s sy t y t Tτ = + τ + Θ . 

III. DETERMINATION OF STEADY-STATE PROCESS 
In order to find a solution of (4) let us use the two 

dimensional Laplace transform [4]: 

0 0
( , ) ( , ) st qF s q f t e d dt

∞ ∞
− − τ= τ τ∫ ∫ . 

Taking the transform of every term in the equation (4) 
we obtain: 

 ( , ) ( , ) ( , ) ( ) ( ) /sY s q qY s q K Y s q N q E s L+ = ⋅ + ⋅ , (6) 

where s , q  are complex variables; ( , )Y s q , ( )N q , ( )E s  
are Laplace transforms of ( , )y t τ , ( )N τ  and ( )e t .  

Since the function ( )N τ  is periodical, then the trans-
form takes the form 

'
0

( )
( )( )

1 1

q

q q

N e d
N qN q

e e

Θ
− τ

− Θ − Θ

τ τ

= =
− −

∫
. 

Solving (6) we obtain:  

 
[ ]

( ) ( )( , )
( )

N q E sY p q
L s q K

⋅
=

+ −
. (7) 

In order to find the current ( , )i t τ  we must apply Lya-
punov’s transform. Taking the Laplace transform of (3) 
we obtain: 

 ( , ) ( ) ( , )I s q F q Y s q= ∗ , (8) 
where ∗  is sign of the convolution in the frequency do-
main [5]: 

1( , ) ( ) ( , )
2

c j

c j
I s q F p Y s q p dp

j

+ ∞

− ∞

= −
π ∫ . 

Taking into account (7) and (8) we obtain following 
expression: 

 
[ ]

( ) ( )( , ) ( )
( )

N q E sI s q F q
L s q K

⋅
= ∗

+ −
, (9) 

where ( , )I s q  is the transform of ( , )i t τ . 

IV. FREQUENCY RESPONSES 
Let us define the transfer function of the circuit as the 

quotient of ( , )I s q  to ( )E s  

( , )( , )
( )

I s qT s q
E s

= . 

Using (9) we obtain: 

 
[ ]

( )( , ) ( )
( )

N qT s q F q
L s q K

= ∗
+ +

. (10) 

http://creativecommons.org/licenses/by/4.0/


70 Електронні системи 

 Copyright (c) 2017 I. Ye. Korotyeyev 

Since the function ( )F τ  is periodical, then the trans-
form takes the form 

'
0

( )
( )( )

1 1

q

q q

F e d
F qF q

e e

Θ
− τ

− Θ − Θ

τ τ

= =
− −

∫
. 

Let us find the convolution in (10). Calculating resi-
dues with respect to poles of the transform ( )F q  yields: 

 
( )

( ) ( )1( , )
( )1

i i
q ii

F q N q q
T s q

q q s KL e

∞

− Θ
=−∞

′ ′ −
= ⋅

− + −Θ −
∑ ,(11) 

where 2
i

iq j π
=

Θ
 is roots of the equation  

1 0qe− Θ− = ; 
0, 1, 2,...i = ± ±  

It should be noted that the residues with respect to 
poles of ( )F q′  are equal to zero. 

In order to introduce the definition of frequency re-
sponses for the inverter let us find the steady-state process 
of the voltage ( ) cos( )e t t= ω . Since the transform of that 
voltage is 

2 2( ) sE s
s

=
+ ω

, 

the transform of the current yields 

[ ]( )2 2
( )( , ) ( )

( )

N q sI s q F q
L s q K s

⋅
= ∗

+ − + ω
. 

Using (11) we obtain 

( )( )2 2
( , )

1 q
sI s q

L e s− Θ
= ⋅

Θ − + ω
 

[ ]
( ) ( )

( )
i i

ii

F q N q q
q q s K

∞

=−∞

′ ′ −
− + −∑ . 

The steady-state process is determined with respect to 
poles corresponding to forced functions, i.e. the power 

supply s j= ± ω  and control signal 2
n

nq j π
=

Θ
 (

0, 1, 2,...n = ± ± ). After calculation residues we obtain 
the steady-state current in the form of the double Fourier 
series [6]: 

1
( )

,
1

0

( , ) j m t n
s m n

m n
m

i t C e
∞

ω + Ωτ

=− =−∞
≠

τ = ∑ ∑ , 

where 2π
Ω =

Θ
, 

 , 2
( ) ( )

( )2
i n i

m n
n ii

F q N q qmC
q q j m KL

∞

=−∞

′ ′ −
=

− + ω −Θ
∑ .  (12) 

Since m and n take positive and negative values terms 
in (12) can be rearranged as follows 

( ) ( )

( ) ( )
1, 1,

( ) ( )
1, 1,

1, 1, 1, 1,sin sin ,

j t n j t n
n n

j t n j t n
n n

n n n n

C e C e

C e C e

A t n A t n

ω + Ωτ − ω + Ωτ
− −

ω − Ωτ −ω + Ωτ
− −

− −

+ +

+ + =

= ω + Ωτ + φ + ω − Ωτ + φ

 

where 1, 1,2n nA C= ⋅ , 1, 1,2n nA C− −= ⋅ , 1, 1,argn nCφ = , 

1, 1,argn nC− −φ = . 

We shall call 1,nA  and 1, nA −  amplitude responses and 

1,nφ  and 1, n−φ  phase responses. As one can see  
the frequency responses are a set of characteristics. 

V. RESULTS OF CALCULATION 
Let us draw the amplitude and phase responses of the 

circuit for parameter values: 1 0.5R = Ω , 2 1.4R = Ω , 
4i = , 0.01L H= , 0.002 sΘ = , 1 0.3t s= ⋅Θ . The ob-

tained frequency responses are shown in Fig. 3 — Fig. 6. 

One can see that the amplitude response 1,0A  and 
phase response 1,0φ  for first harmonic behave as well as 
a frequency response of a series resistor inductor circuit 
to a sinusoidal source.  

For some frequencies the same values for frequency 
responses are obtained. 

 

 

Fig. 3 Amplitude response for 0n =  

 

Fig. 4 Phase response for 0n =  
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Fig. 5 Amplitude responses for 1n = ±  and 2n = ±  

 

Fig. 6 Phase responses for 1n = ±  and 2n = ±  

 

One can see that the amplitude response 1,0A  and 
phase response 1,0φ  for first harmonic behave as well as 
a frequency response of a series resistor inductor circuit 
to a sinusoidal source.  

For some frequencies the same values for frequency 
responses are obtained. 

CONCLUSION 
In this paper the steady-state processes in time-vary-

ing circuit have been considered. The processes in 
 the inverter with periodical structure have been described 
by the differential equation with the periodical coeffi-
cient. This equation has been extended to the partial  
differential equation. Using Lyapunov’s transform the 
partial differential equation with periodical coefficient 
has been transformed to the equation with constant coef-
ficient. Then the two dimensional Laplace transform has 
been used and the solution has been represented by  
the double Fourier series. The set of frequency responses 
for circuit with periodical structure has been defined. 
These characteristics are the response of the circuit to  

the sinusoidal signal. The example of the frequency  
responses for the inverter is presented.  
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Реферат—Стаття присвячена аналізу усталеного процесу в ланцюзі інвертора. Оскільки конфігурація ланцюга 
інвертора змінюється, процеси в такому колі описуються диференційними рівняннями зі змінними коефіцієнтами. 
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Передбачається, що ланцюг інвертора змінюється періодично. Для знаходження усталеного процесу використову-
ються метод розширення звичайного диференційного рівняння до рівняння в частинних похідних, перетворення 
Ляпунова та двовимірне перетворення Лапласа. Для процесів, що протікають в ланцюзі інвертора, вводиться по-
няття передавальної функції і частотних характеристик. Встановлений процес отриманий у вигляді подвійного 
ряду Фур'є. Як приклад розглянуто інвертор, для якого представлені частотні характеристики. 

Бібл. 6, рис. 6. 

Ключові слова — розширення диференціального рівняння; перетворення Ляпунова; подвійний ряд Фур'є; часто-
тна характеристика. 
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Реферат—Эта статья посвящена анализу установившегося процесса в цепи инвертора. Поскольку конфигура-
ция цепи инвертора изменяется, процессы в такой цепи описываются дифференциальными уравнениями с пере-
менными коэффициентами. Предполагается, что цепь инвертора изменяется периодически. Для нахождения уста-
новившегося процесса используются метод расширения обыкновенного дифференциального уравнения до уравне-
ния в частных производных, преобразование Ляпунова и двумерное преобразование Лапласа. Для процессов, про-
текающих в цепи инвертора, вводится понятие передаточной функции и частотных характеристик. Установив-
шийся процесс получен в виде двойного ряда Фурье. В качестве примера рассмотрен инвертор, для которого пред-
ставлены частотные характеристики. 

Библ. 6, рис. 6. 

Ключевые слова — расширение дифференциального уравнения; преобразование Ляпунова; двойной ряд Фурье; ча-
стотная характеристика. 
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