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Abstract—This paper deals with analysis of steady-state processes in an inverter circuit. Since a configuration of the
inverter circuit is changed processes in such a circuit are described by differential equations with variable coefficients. It is
supposed that the inverter circuit changes periodically. The Lyapunov's transform, a method of expanding of a differential
equation to an equation in partial derivatives and the two dimensional Laplace transform are used to find a steady-state
process. The transfer function and frequency response for processes running in the inverter circuit are introduced.
The steady-state process is obtained in the form of the double Fourier series. An example of an inverter is considered and a

set of frequency responses is presented.
Ref. 6, fig. 6.
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l. INTRODUCTION

Processes in inverter circuits are often described by
differential equations with periodical coefficients. This is
connected with the presence of switching elements in
inverter circuits and periodic control signals.

Power sources govern the work of inverter circuits.
Both power sources and control signals determine nature
of processes. In many cases steady-state voltages and cur-
rents can be presented by the Fourier series. If periods of
power sources and control signals are incommensurable
then a steady-state process in domain of one variable of
time does not exist.

A definition of frequency response [1] is based on
steady-state processes running in a linear circuit with con-
stant parameters. In the circuit with time-varying ele-
ments we have a mutual effect of influence both power
sources and control signals on a load. Therefore in such
systems we cannot use the classic definition of frequency
response.

Let’s assume that power sources and control systems
are independent. Expanding differential equations in
a domain of two independent variables of time [2] we can
find steady-state process. In that case we can find depend-
ences describing frequency characteristics as a function
of a source frequency.

The subject of this article is to spread definition of fre-
quency response for circuit with time-varying elements.
The method is based on an expanding of a differential
equation by introducing an additional independent time
variable. A steady state process is obtained by using the
two dimensional Laplace transform and is represented by
the double Fourier series. A set of frequency responses is
obtained for an inverter with variable structure.
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Fig. 1 Topology of the inverter

Il.  MATHEMATICAL MODEL
Let us find a steady-state process in the circuit of
the inverter presented in Fig. 1.
The switches S; and S, are periodically turned on

and off at the same instant. Switches work with the period
© as shown in Fig. 2 alternately, if S; ison S, is off

(when s(t) =1 S; isclosed and S, is open).

The differential equation describing processes in
the circuit has the form

s(t)

t ® ot

Fig. 2 Switching function
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L~ R +e®. (1)
R,n®<t<n®+1,
Ry, n®+t; < (n+1)0,
the sum of resistances of an inductor, a switch S; and
a load R; R, is equal to the sum of resistances of
the inductor, a switch S, and the load R; n=0,1,...,
e(t)=e(t+T), T isaperiod of a power source.

where R(t):{ R, is equal to

We assume that periods of a source voltage e(t) and

the control signal are incommensurable. In that case
a steady-state process (1) is not periodic.

In order to obtain a periodic steady-state solution of
(1) let us expand the domain of the differential equation
(1) from one independent variable of time t to two inde-
pendent variables of time t and < as follows [2]:

L% a'gj) RO D+el). (2
Using Lyapunov’s transform [3]
it,7)=F(1)-y(t,7), @)

we transform differential equation (2) with the periodical
coefficient R(t) to a differential equation with a constant
coefficient

oyt b7 _ (@)
ot ot
where F(t) = F(t+0®) isaLyapunov’ sfunctlon; y(t, 1)
is a new state variable, N(t) is a function which is
inverseto F(t), N(t)=1/F (7).

Kyt ) +NE -,

A constant K and the function F(t) are determined
from the equation
dF( _
dr
and conditions F(t) =

FE@-F K (5)

F(‘H—@) and F(0)=1.

The function F(t) is a piecewise continuous func-
tion. Solving the equation (5) in the interval 0<t<t
gives

F (1) =e“%e KT,

and in the interval t; <t<® gives
F(T) — eaz(T—tl)e(XltlefK’t ,

R R
where oy = ——%, 0y =——2 .
L L
The constant K is determined by using conditions
F(t)=F(z+0) and F(0)=1:

oo (®—1t)ogly

K=2in |:e°‘2(®*tl)e°‘ltl }:
(C] S

The differential equation (4) is the partial differential
equation and defines the function y(t,t) in the domain of

two variables. In this domain a steady-state process
exists , i.e. ys(t,7) =ys(t+T,t+0).

I1l.  DETERMINATION OF STEADY-STATE PROCESS

In order to find a solution of (4) let us use the two
dimensional Laplace transform [4]:

F(s.a) =] [ f(t.oe ™ T dudt.
00

Taking the transform of every term in the equation (4)
we obtain:

sY(s,9)+qY(s,q) =K-Y(s,q)+N(q)-E(s)/ L, (6)
where s, q are complex variables; Y (s,q), N(q), E(s)
are Laplace transforms of y(t,t), N(t) and e(t).

Since the function N(t) is periodical, then the trans-
form takes the form

®
j N(t)e %dz

_0 N (a)
N@= 1-¢799 1@
Solving (6) we obtain:
N(q)-E(s)
Y(p,q) = ——2 =2 7
(p.q) L[s+a)-K] )

In order to find the current i(t,t) we must apply Lya-
punov’s transform. Taking the Laplace transform of (3)
we obtain:

1(s,q) =F(a)*Y(s.q), (8)
where = is sign of the convolution in the frequency do-
main [5]:

C+ Joo

|(sq)_2_1] [ F(p)Y(s.q-p)dp.

c—jo
Taking into account (7) and (8) we obtain following
expression:
N(a)-E(s)
T 9)
L[(s+a)-K]

where 1(s,q) is the transform of i(t, ) .

I(s,q)=F(q)*

IV. FREQUENCY RESPONSES

Let us define the transfer function of the circuit as the
quotient of 1(s,q) to E(s)

T(s,q) Z—II(ES(ISC;) :
Using (9) we obtain:
ey N(@)
T(s,q)=F(q) [Gra+K] (10)

®
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Since the function F(z) is periodical, then the trans-
form takes the form

®
j F(r)e 9dr
F(a)="

Let us find the convolution in (10). Calculating resi-
dues with respect to poles of the transform F(q) yields:

__FQ
1-¢790

1-¢799

1 - F'(g))N'(0-q;)
T(s,Q) = . (11
.9 L®(1—e_q®) i:Z_:oo (@-gj+s)-K ()

where g; = j% is roots of the equation

1-e79 —0:
i=0,+1,+2,..

It should be noted that the residues with respect to
poles of F'(q) are equal to zero.

In order to introduce the definition of frequency re-
sponses for the inverter let us find the steady-state process
of the voltage e(t) = cos(wt) . Since the transform of that

voltage is

s
E(s)= :
2 +
the transform of the current yields
N(qg)-s
1(s,0) = F()» (@

L[(s+a)- K](52 +m2) '
Using (11) we obtain

S
|_@)(1—e‘q®)(s2 +(02).

i F'(g;)N'(q-q;)

i=—c0 [(q =0 +S)_ K]
The steady-state process is determined with respect to
poles corresponding to forced functions, i.e. the power

supply s=*jo and control signal qn:jz_g)n (

I(s,q) =

Ao

Fig. 3 Amplitude response for N =0

n=0,£1%2,..). After calculation residues we obtain

the steady-state current in the form of the double Fourier
series [6]:

1 © .
is(t,t)= z z Cm‘nej(mmt+nQr)’

m=-1n=-o0
m==0

where Q :E,
®

m < F'(g)N'(gn — )
Cm,n — 5 Z | . n I .
2L0° =, (Gy — Gj + jom) —K
Since mand n take positive and negative values terms
in (12) can be rearranged as follows

(12)

C1,nej(mt+nQT) +C_1’_ne_j(®t+ngr) n

4Gy el ¢ eiatingn)
= AupSin(ot+nQt+dy )+ A _nsin(ot—nQt+¢y_p ),

where Al,n = 2'|C1,n|! Al,—n = 2'|C1,—n| ) ¢l,n =arg C1,n |
d,—n =argCy_, .

Weshall call A, and A _, amplitude responses and
¢n and ¢, _, phase responses. As one can see
the frequency responses are a set of characteristics.

V. RESULTS OF CALCULATION

Let us draw the amplitude and phase responses of the
circuit for parameter values: Ry =05Q, R, =14Q,

i=4, L=0.01H, ©=0.002s, t; =0.3-@s . The ob-
tained frequency responses are shown in Fig. 3 — Fig. 6.

One can see that the amplitude response A, and
phase response ¢ o for first harmonic behave as well as

a frequency response of a series resistor inductor circuit
to a sinusoidal source.

For some frequencies the same values for frequency
responses are obtained.

;01,07

Fig. 4 Phase response for N =0
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Fig. 5 Amplitude responses for N = =1 and N = £2

One can see that the amplitude response A, and
phase response ¢ o for first harmonic behave as well as

a frequency response of a series resistor inductor circuit
to a sinusoidal source.

For some frequencies the same values for frequency
responses are obtained.

CONCLUSION

In this paper the steady-state processes in time-vary-
ing circuit have been considered. The processes in
the inverter with periodical structure have been described
by the differential equation with the periodical coeffi-
cient. This equation has been extended to the partial
differential equation. Using Lyapunov’s transform the
partial differential equation with periodical coefficient
has been transformed to the equation with constant coef-
ficient. Then the two dimensional Laplace transform has
been used and the solution has been represented by
the double Fourier series. The set of frequency responses
for circuit with periodical structure has been defined.
These characteristics are the response of the circuit to
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Fig. 6 Phase responses for N =1 and n = +2

the sinusoidal signal. The example of the frequency
responses for the inverter is presented.
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Peghepam—CraTTs IPUCBAYCHA AHAJII3Y YCTAJEHOI0 IPoLecy B JIaHII03i iHBepTOopa. OcKinbku KOHpIrypauis Janmiora
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IlependayaeTbesi, IO JAHIIOT iHBEPTOPA 3MIHIOETHCSI NepioAnyHO. JlJ1sl 3HAXOIKEHHS YCTAJIEHOT0 MPoLecy BUKOPUCTOBY-
I0THCS METO/ PO3LIMPEHHS 3BUYANHOro AuepeHiinoro piBHsIHHS 10 PiBHSHHS B YACTMHHHUX NMOXiAHUX, MePeTBOPEHHS
JIsimyHoBa Ta ABOBHMipHe neperBopeHHs Jlamnaca. JIyist nmpouecis, 1o NpoTiKkal0Th B JaHLIO3i iIHBepTOPa, BBOAUTHLCSA 10-
HATTSA NepeaaBajbHOl GyHKUil i YacTOTHUX XapakTepucTuk. BeTaHoB/IeHuii npouec oTpuMaHuii y BUIVIsIAL moABiiiHOro
pany @yp'e. SIk npukiIag po3riasiHyTo iHBepTOP, AJIsA IKOTO MPeACTABJIEHI YACTOTHI XapaKTePUCTHKHU.

Bioa. 6, puc. 6.

Knrwuoei cnoea — pozwmupenns ougepenyianvnozo pisnanns; nepemeopenns Jlanynoea; noosiiinuii pao @yp'e; wacmo-

MmHa xXapakmepucmuka.
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Pegpepam—3ITa cTaThs MOCBAIIECHA AHAJIN3Y YCTAHOBHBILEroCsl Mpolecca B nenu nHBepTopa. Ilockonbky KoHduUrypa-
IHUsl el HHBePTOpa U3MeHseTcsl, Mpolecchl B TAKOI Lenyu onuchbiBalTesd AupdepeHNaTbHBIME YPABHEHHSIMHE C Nepe-
MeHHbIMH K03 (ppunuentamu. Illpeanonaraercs, 4ro uenb HHBEPTOPa U3MeHsIeTCS NMepUOAMYecKHU. 11 HaX0KAeHus ycTa-
HOBHMBLIEr0Cs MPOLEcca HCIOJb3YIOTCH METO/ PACHINPeHHs 00bIKHOBEHHOI0 () (epeHINATbHOI0 yPABHEHH 10 YPaBHe-
HHf B YaCTHBIX IPOM3BOJHBIX, NpeobpasoBanne JIsinyHoBa u ABymMepHoe npeobpasosanne Jlannaca. lsis npoueccos, npo-
TeKAWINUX B Ll HHBePTOPAa, BBOAUTCH NOHSATHE NePeJaTOYHOll (YHKIUH M YACTOTHBIX XaPAKTePHCTHK. YCTAHOBUB-
Iuiics mpouecce MoJIy4eH B Bujae ABoiiHOro psina @ypre. B kauecTBe npuMepa paccMOTpPeH HHBEPTOP, A1 KOTOPOro npej-
CTaBJIeHb] YaCTOTHbIE XaPAKTEPUCTHKH.

buoa. 6, puc. 6.

Knroueesvie cnoea — pacuiupenue ougpghepenyuansvrozo ypasnenus; npeoopasosanue Jlanynoesa; 060iinoii pao @ypve; ua-
CIOMHAA XapaKmepucmuKd.
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