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Abstract—A steady-state processes in RLC circuit with power sources having incommensurable frequencies is consid-
ered. In such a circuit a periodic steady-state process does not exist. In order to obtain the periodic steady-state behavior an
expansion of an ordinary differential equation is considered. This expansion is based on introducing of an additional time
variable and therefore on transition from ordinary differential equations to partial differential equations with two time
variables. Obtained differential equations are solved by use of the two-dimensional Laplace transform. Using double inte-
grals expressions for a transfer function, active power and frequency responses for domain of two time variables are defined.

Voltage and current amplitude-frequency characteristics of RLC circuit in the domain of two variables are presented.

Ref. 6, fig. 5.
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. INTRODUCTION

Processes in inverter circuits are dependent on control
signals acting on power transistors. These signals result
of frequencies that ratios are mostly irrational [1], [2]. In
that case a steady-state behavior exists, but is not peri-
odic. In order to obtain the periodic steady-state behavior
it is expedient to expand an ordinary differential equation
with one time variable to a partial differential equation
with two independent time variables [3]. Such an
approach allows to expand the well-known methods used
for analysis of ordinary circuits with ordinary signals on
circuits with irrational frequencies in acting signals.

The aim of this article is an expansion of such
important circuit characteristics as a transfer function,
frequency response and power in the domain of two time
variables.

Il.  MATHEMATICAL MODEL

Let us consider an RLC circuit with two sources con-
nected in series

e(t) = E; cos(wt)+ E, cos(Qt)

shown in Fig. 1. We assume that © and € are two
incommensurable angular frequencies.

The differential equation describing processes in the
circuit can be written as

dX (t)

=22 AX(t) + B(t)
dt 1)
R+R. 1
R e
Mo BM)=| L
where C , 0 )

i(t)

u)) . . .
is the vector of state variables, RL is

a resistance of a choke, e(t) = ey (t) +e(t) .

Let us expand the domain of the differential equation
(1) from one independent variable of time t to two inde-
pendent variables of time t and < [4]
oX (t,1) . oX
ot

xm:[

) _ ax (t,7)+ B(t,7)
ot , )
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Fig. 1. Analyzed circuit

_ e(t, )
X(t,t):£l(t'r)j B(t,t)=| L
where ut.7)) 0 )

e(t,7) = E; cos(wt )+ E; cos(Qr)

Applying the two-dimensional Laplace transform [5]
Q0 00
F(s,q)= | [ f(t,r)e St~ 9%t
00
to (2) and assuming, that initial conditions are equal to
it,0)=i(0.)=0 ;4 u(t,0)=u(0,7)=0

Zero, i.e.
one obtains the following equation [3], [6]
I(s,
X(S’Q):(u(sq)J | U E
are images of the vector X(t1) , current it,7) , voltage
U T) and vector 8D

Solving (3) for X(s.9) we get

XGa=[c+al-A"BsA)

-1
where [] is the inverse matrix and I is the unit matrix.

Let us introduce a transfer function. In contrast with
an ordinary definition [4], we define the transfer function

as the result of the quotient of images Ur(s.0) and
E(s,q)
Ur(s.q)
E(s.q)
(s+qg)RC
LC(s+q)% +C(R+R_)(s+q) +1 5)

T(s,q) =

where Ur(s.a) =RI(s,0) is an image voltage on the
resistor R.

Since the image function of sources connected in
series in the domain of two variables has the form

(q2 +qQZ)s

E(s.0) = Ey E +Sm2)q +Ep

. . . . . ==j
then calculating residues at singularity points 1,2 =+]O

and 92 =FI2 o6 e image function Ur(5.9) one
obtains the steady-state voltage

UR (t,7) =U; cos(ot —¢)+U, cos(Qr—y)

., (6)
where
Ul _ RC(DE]_
1-2LCw? +
w?C2 (RL2 +2(R, +R)R + LZ(DZ)
2 —
¢ = arctan M
(RL + R)C(D
and
U, = RCQE;
1-2LCO? +

0%c? (Rl_2 +2(R, +R)R+ LZQZ)

LCQ? -1
(R +R)CQ

= arctan[

From (6) one can see that this expression is periodic
in the domain of two time variables, i.e.

UR(t,T)ZUR(t+T,T+®)

T= 2n 0= 2n
where O Q.
The solution in the domain of one time variable can
be obtained equating T=1.

Using the definition of the RMS voltage [7]

1 TO )
Ug = %jjuR(t,r)dtdr

00
one obtains the following expression

U? +U?
UR= T

It is not too difficult to show that

P=UZ/R

In case of the domain of two time variables an active
power can be defined as

1
TO

TO
P= er(t,r)i(t,r)dtdr
00

U]
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Using expressions for €60 and 17 one obtains
the following formula

_ EBUjcosd+EyU, cosy
2R ,
This result also agreed with the calculations of active

P

power for different components of voltage e(t) using the
superposition principle.
Ill.  FREQUENCY RESPONSE

In order to obtain a frequency response in the domain
of two time variables we assume that the input voltage is
sinusoidal

e(t,7) = E,, cos[ot + Q1] ®)

Applying the two-dimensional Laplace transform one
finds the image function

Ep (sq-0Q)
(32 +c02)(q2 +QZ)

E(s.q) =

and therefore
Ur(s,q) =T(s,a)E(s,q)
The steady-state voltage can be obtained by calculat-
tjo

ing the residues at singularity points S12 = and

=] . .
G2 =12 ot the image function E(S.9) After the cal-
culation of residues one obtains the voltage

Ur(t,7) =U cosfot+ Qr—y ]

9)
where
U - RC(0+Q)E;
1-2LC(0+ Q)% + (0 +Q)?C?
(RL2 +2(R, +R)R+L2(m+Q)2)
and
LC(0+0Q)? -1
v =arctan
(RL +R)C(0+Q)

. U .
The expressions P and Yp depending on angular
frequencies @ and €2 we call the frequency responses.

Substituting in (5) S = 1 and 9= J€ one obtains the
frequency response

j(o+Q)RC
[-LC(0+Q)? +
JCR+R )(0+Q)+1]

From this frequency response the magnitude response
can be obtained as follows

T(0,Q) =

T (0,Q)=[T(jo, jQ)|

In case of the input voltage

e(t, 7) = E,, cos[ot — Q] (10)
the output voltage is expressed by the formula
Ug (t,7) =Up, cos[mt —Qr—yp, ]

where the magnitude

Um =Up ‘Q—)(—Q)
and phase
Ym =V p‘

Q->(-Q)

For the input voltage (8) the current through the resis-
tor R is

i(t,r)=lpcos[mt+Qr—pr 1)

where © R .

Using expressions (7), (8) and (11) one obtains the ac-
tive power

E,l,cos
P, = PP Vp
2 :
For the input voltage (10) the current through the
resistor is

i(t,7) = I cos[ot —Qr—y | (12)
where T R .

Using expressions (7), (9) and (11) one obtains the
active power

Enlncosyp,
2 .
One can see that the form of the expressions for active

P, =

P, .
power Pm and P is the same.

Fig. 2. Magnitude response Up in domain of two variables
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Fig. 3. Magnitude response Ip in domain of two variables

IV. RESULTS OF CALCULATION

The amplitude-frequency characteristics have been
calculated for the circuit with following parameter values:

Ep=W En =1V C =0.0007F R=12Q
R =0.1Q L=0.03H
the input voltage

e(t,7) = E, cos[mt + Q1]

. The magnitude responses for

in the domain of two time variables are shown in Fig. 2
and Fig. 3.
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Fig. 5. Magnitude response Im in domain of two variables

The obtained magnitude responses for the input volt-

age &(t:7) = Em cos[ot — O] 4 4he domain of two time
variables are shown in Fig. 4 and Fig. 5.

One can see that the magnitude response (Fig. 3) has
maximum and then its value decreases with the increasing

of frequencies © and €2 .

CONCLUSIONS

In this paper the analyses of processes in the RLC cir-
cuit with incommensurable frequencies is considered.
The periodic steady-state behavior is defined in the
domain of two time variables. The solution of partial dif-
ferential equations with two time variables is obtained by
using the two-dimensional Laplace transform.

The transfer function, active power and frequency
responses are defined and the magnitude responses for
analysed circuit are presented. These characteristics are
the response of the circuit to the sinusoidal signals with
sum and difference of angular frequencies.

Double integrals are used for the calculation of the
active power in the domain of two time variables. The
example of calculation of the frequency characteristics of
current and voltage for the RLC load is presented.
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Kadenpa Enexrporexniku Ta iHhOpMamiHHUX TEXHOIOTIH
MUTTeNbXeCCeHCHKUH YHIBEPCUTET MPUKIATHUX HAYK
Iiccen, 'epmanus

Peghepam—B ctaTTi npoBOAMTHCA aHAJI3 yeTaneHux npoueciB B RLC anmio3i 3 zkepesiaMu sKUBJIEHHS, YACTOTH SIKHX
€ HEKPATHHMH. Y TaKOMY JIaHII03i He iCHY€ mepiogm4HOro crajoro mpouecy. 151 3HaX0IKeHHSI MePiOAMNIHOTO YCTAJIEHOT0
npouecy BHKOPHCTOBYIOTbCS MeTO/l PO3LIMPEHHs 3BHYaiiHoro qudepenuiiinoro piBHsiHHsA. Ile po3mIMpeHHst IPYHTYEThCS
HA BBeJeHHi HOBOI 3MiHHOI Yacy i nepeTBOpeHHi 3BMYAHOr0 AM(epeHiaILHOIO PiBHAHHSA B Au(epeHUiaibHe PIBHSIHHSA
3 YACTHHHHUMHM MOXiTHMMH 3 IBOMa 3MiHHMMH 4acy. OTpumane nudepeHuiantbHe piBHAHHSA PO3B’A3YETHCHA LIJISAXOM BiKHU-
BaHHs ABOBUMipHoro neperopennsi Jlamnaca. IlepenaBanbHa ¢GyHKIiA BH3HAYAETHCS B NMPOCTOPi ABOX KOMILIEKCHHX
3minHuX. Ctanuii npouec B RLC s1annio3i 3 mocaigoBHO BKIIOYEHUMH CHHYCOIAaJIbHUMH JKepeJiaMi 004HCII0€EThCH Bill-
HOCHO noJociB Gpynkuiii nux pxepes. Ha ocHoBi BUkopucTaHHs NOABiHMX iHTerpajis, B IPOCTOPi ABOX 3MiHHHMX BHU3HA-
Yal0THCSI BUPA3H /151 1iI0Y0ro 3HAYEHHSI HANPYT'H HA HABAHTAKeHHI Ta akTHBHIi motyxHocTi. [loka3aHo, 10 BHKOHYETBCS
0aj1aHC NOTYKHOCTEH B IPOCTOPi ABOX 3MiHHMX Yacy. IloTyxkHicTh, 10 BilgaeTbes JikepesIaMu sKUBJICHHS 10PIBHIOE MIOTY-
JKHOCTI CIIO’KMBaHOI HaBaHTa)keHHAM. OTpuMaHi BUPa3H /151 CIIO’KMBAHOI MOTYKHOCTI TAKOK MOKYTh OyTH 3HaligeHi Ha
OCHOBiI MeToay cynepno3uuii. YacTOTHI XapaKTepHCTHKH BH3HAYAIOTHCS JJIs JBOX CHTHAJIB, L0 NMPeJCTaBIAIOTL CyMy
i pisHuLIO aprymenTiB ABoX QyHkuiii yacy. KoskeH 3 nux curHajiiB BU3HA4a€ CBOIO YACTOTHY XapaKTepucTuKy. Bupasu ans
OHi€T 3 YACTOTHHUX XAPAKTePHCTUK 3HAXOAATHCS 3MiHOI0 3HAKY YACTOTH CHTHATY iHIIOI YaCTOTHOI XapaKTePHCTHKH.
O04uc/eHi 3Ha4YeHHA IOTYKHOCTEH /ISl KOKHOI0 3 BIUIMBAKO4YHMX CHrHaJiB. OTpuMaHi BUpa3u JJd NOTY:KHOCTel 30ira-
0ThCA 3 BUpa3amMu o0uuciaeHuMu panime. Ilpencrasiieni aMiuiiTyaHo-4acToTHi xapakrepucTukn RLC janmiora nis Ha-
NPYIru i cTpyMy B IIPOCTOPi ABOX 3MIHHMX. XapaKTePHCTUKHM NpPUBeJeHI 1/ ABOX CHTHAJIB, 110 NpeJCTaBJIeHi CyMOI0
i pi3HuIero 1BOX PyHKLINH Yacy. AMILTITY1HA YACTOTHA XapAKTEPUCTHKA, 1[0 BUZBHAYAETHCSI CHTHAJIOM 3 CYMOIO ApI'YMEHTIB,
MAa€ MaKCHUMYM i, IOTiM, i3 30iJIbIIIEHHAM YaCTOTH 3MEHIIY€ThCA 10 HYJIsl.

Bioa. 6, puc. 5.

Knrwuogi cnosa — npocmip 060x 3MiHHUX; YacmomHi XapaKkmepucmuku; 08608umipne nepemeopenns Jlannaca.
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Kadenpa DnekTpoTexXHUKH 1 HHPOPMALTMOHHBIX TEXHOJIOTHI
MHuUTTENbXECCEHCKUIT YHUBEPCUTET IPUKIIATHBIX HAYK
I'uccen, I'epmanust

Peghepam—B cTraThe NMPOU3BOAUTCS AHAIW3 YCTAHOBHUBIIMXCS MpomeccoB B RLC menm ¢ MCTOYHMKAMHM MHTAHUS,
YacTOTHI KOTOPBIX SIBJISIIOTCSI HEKPaTHBIMHU. B Takoii enu He cymecTByeT nepuoaHYecKmii yctaHoBuBmiicst mpouecc. J{s
HAXO0KIeHHsI IEPHOANYECKOr0 YCTAHOBHBILETOCSI POIIeCCca HCMOJIb3YeTCsl paclInpeHne 00bIKHOBEeHHOT o THd depeHnnab-
HOr'0 ypaBHeHMs. JTO paciliMpeHHe OCHOBLIBAeTCs HA BBe/IEHNN HOBOIi epeMeHHOl BpeMeHH! U Peodpa30BaHUH 00bIKHO-
BeHHOTo Au((epeHnHaILHOr0 ypaBHeHusl B YacTHoe Tu(depeHmaibHoe ypaBHeHHe ¢ ABYMsI IepeMeHHBIMU BPeMeHH.
[onyyennoe nuddpepeHnnaIbHOE YpaBHEHUE pelaeTcsl NyTeM NPUMeHEeHHs ABYMepHoOro npeodpa3zoBanus Jlamiaaca. Ha
OCHOBe HCII0JIb30BAHMSI IBOWHBIX HHTETPAJIOB, B MPOCTPAHCTBE JBYX NMepPeMeHHBIX ONpeeIsaI0TCS BIPAKEHUs /15 mepe-
AATOYHOI (PyHKIMH, AKTUBHON MOLITHOCTH M YACTOTHBIX XapaKTepHucTuK. [IpefcTaBieHsl aMIUINTY/THO-4ACTOTHBIE XapaK-
Tepuctnkn RLC menu a5 Hanpsi;KeHAsI M TOKA B MPOCTPAHCTBE ABYX NepeMeHHBIX.

buba. 6, puc. S.

Knrwouesvie cnoea — npocmpancmeo 06yx nepemMeHHbIX, YACHIOMHbIE XapaKmepucmuku, O06olinoe npeodpazosanue
Jlannaca.
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