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Abstract—The paper deals with processes analysis in inverter circuits. These processes are described by differential
equations with periodical coefficients. Since control signals and voltages operating in an inverter circuit are independent
theirs frequencies are often incommensurable. In order to obtain steady-state periodic solutions ordinary differential equa-
tions with one independent time variable are expanded into partial differential equations with two independent variables of
time. Obtained partial differential equations with periodical coefficients are transformed into equations with constant coef-
ficients by using the Lyapunov transformation. Since these equations are defined in the domain of two time variables theirs
solutions are determined by using the two dimensional Laplace transform. After solving differential equations a steady-state
solution is given in the form of the double Fourier series. Frequency responses are defined as functions of Fourier coefficients
dependent on control signal and power voltage frequencies. Results of calculations of frequency responses for a buck-boost
inverter are presented.

Ref. 11, fig. 7.
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L. INTRODUCTION Lyapunov transformation and the two dimensional La-
place transform. Steady-state processes are represented in
the form of the double Fourier series. An example of
a buck-boost inverter is considered and a set of frequency
responses is presented.

The analysis of transient and steady-state processes in
periodic time-varying circuits a difficult task connected
with necessity to take into account element models, con-
trol signals and power sources. For linear circuits there
are different analysis methods among which it should be II. MATHEMATICAL MODEL
noted the frequency response method [1]. In periodic
time-varying circuits this method can not be used since
processes in such circuits are described by differential
equations with periodically variable coefficients. The switches S} and S, are ideal and switch alter-

Processes in such circuits can be analysed by different  nately, if S| is closed, S, is open as shown in Fig. 2 (we
method [2, 3,4, 5] in case these cir'cuits are Contrglled by  consider that when s(t)=1 8 is closed and S, is open).
signals with the same or proportional frequencies. For
inverters that could be worked with incommensurable
signal frequencies determining steady-state processes are ~ © and has the duration equal to 7.
a difficult problem. In the domain of one time variable
one cannot find periodic steady-state behaviour. S, S,

. . . . O_/ *
The task of finding periodic steady-state behaviour R
can be realised by an expansion of ordinary differential L C

Let us consider the circuit of the buck-boost inverter
presented in Fig. 1.

The switching function s(¢) is periodic with the period

equations with one time variable into partial differential ~ ¢(r) cs —_—

equations with two time variables [6].

The aim of this article is to find steady-state processes l )
in an inverter circuit worked with incommensurable sig- © -
nal frequencies and analyze frequency responses.
The method is based on the expansion of differential
equations and solving these equations by using the

Fig. 1. Topology of the inverter

®
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Fig. 2. Switching function

The topology of the inverter is changed periodically
and the differential equations describing the processes in
the circuit have the form

di(t) _ _RTLi(t) 1o,y S0

dt L
du(t) 1-s(t) i(t)—Lu(t)' M
dt c RC 7
where R; is the resistance of an inductor,

e(ty=e(t+T), T isthe period of a power source.
In the matrix form set (1) takes the form

dX (1)

= A(OX(t)+B(0),
dt

(¢
where X (t):(l((t))J is a vector of state variables,
u
R 1s0)
A= L L1 Bwy=| "1 leo.
l-s() 1 0
C RC

In case of incommensurable periods of the source
voltage e(t) and the switching function s(¢) the steady-

state behavior to (1) is not periodic.
Let us expand the domain of the differential equation

(1) from one time variable ¢z to two time variables ¢ and
7 as follows [6]

oX(t,7) . oX (t,7)
ot ot

In this domain there exists a periodic steady-state pro-
cess, i.e., X (t,1)=X,(t+T,1+0).

= AX (D) + B, ()

Now transform the equation (2) with time-varying
coefficients to an equation with constant coefficients. To
this effect we use the Lyapunov transformation [7]

X(@,t)=F(1)-Y(¢,1). 3)

Applying this transformation to (2) one obtains
the following equation

oY(t,r) N oY(t,7)
ot ot
where F(t)=F(t+0) is a periodic matrix; Y(¢,7) is

=KY(t,1)+ N(1)-B(t,7), (4)

anew vector of state variables, N(t) is an inverse matrix

to F(1),ie N(t)=F \(1);

s(®
B(t,t)=| L
0

e(t).

Matrices K and F'(t) are determined from the equa-
tion

dF (1)

= A(D)F(1)- F(O)K, (5)

and conditions F (1) = F(t+®), F(0)=1 ([ istheiden-
tity matrix).
The matrix F(t) is a piecewise continuous matrix.

Solving the equation (5) in the interval 0 <t<# gives
(8]
F(t)=eMTe X7,

and in the interval # <t < ©® gives

F(T) — eAz(T—ll)eAlll e—K‘[’,

(6)
where 4 is equal to the matrix A(t) as s(t)=1, 4, is
equal to the matrix A(t) as s(t)=0.

Substituting in (6) t=0 and then F(®)=F(0)=/
one finds the matrix

K= éln [eAZ(G_ll)eAltl} .

The differential equation (4) is a partial differential
equation and defines the vector Y(¢,7) in the domain of

two variables.
III.

Let us find a solution to (4). Using the two dimen-
sional Laplace transform [9]

SOLVING DIFFERENTIAL EQUATION

F(s,q)=[ [ f(t,00e™" drds
00
to solve (4) one obtains the algebraic equation

sY(s,9)+qY(s,q) = K-Y(s,q) + N(q)* B(s,9), (7)
where s and ¢ are complex variables; Y(s,q), N(q)
and B(s,q) are Laplace transforms of Y(¢,t), N(t) and
B(t); * is the sign of the convolution in the frequency
domain [10]

c+ joo

N@*Bsq) =2~ [ Np)B(s.q-p)dp.

Y c—joo
In order to simplify a calculation of the convolution
we take into account that the matrix N(t) and the switch-
ing function s(t) have the same the continuity interval
and that in the first interval the function s(t) is constant.

So, one can transform the product as follows

®
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s(®
N()B(t,t1)=N(t)| L |e(t)=P(v)e(t),
0
s(®
where P(t)=N(t)| L | isa vector thatin the first col-
0

umn of the matrix N(t) selects only the components cor-
respondent to the first interval 0 <t <¢.

Taking this into account one can write

sY(s,q)+qY(s,q) = KY(s,9) + P(q)E(s) ,
where E(s) and P(q) are Laplace transforms of the volt-
age e(t) and the vector P(7).
From (7) one obtains
Y(s.q) =[(s +q)~ KT P(9)E(s), ®)

where [(s +q)l - K]_] is the inverse matrix.

In order to find the vector X (#,7) one must apply

the Lyapunov transformation. Taking the Laplace trans-
form of (3) one obtains

X(s,9)=F(q)*Y(s,9).
Substituting (8) in (9), one obtains the solution

X(s,q) = F(q)*{[(s + @) — KT P(q)}E(s). (10)

IV. FREQUENCY RESPONSES

)

The transfer function of the circuit as the quotient of
X(s,q) to E(s) is

T(s,q)= —XE(Z;)q) .

From (10) one obtains
T6.0) = Fl@){[c+0l K] P@}. (1)

Since F(t) and P(t) are periodical functions, then
the Laplace transforms take forms

®
j F(t)e 1'dz

F (q)
_0 _
F(C])— _e*f1® l_efq®’

4

J‘P(t)ef‘”dr ,

P (q)
P(q)=2 = )
@ 1-¢1© 1-¢9®

The convolution in (11) is calculated with respect to
poles

27
q;, =)

(C]

of the transform F'(g) that are found by solving the equa-
tion

1-e7%© =0, i=0,+1,+2,...

Calculating residues at these poles yields

T(s,q) =
> Flapla-g;+)1-K]'Pa-a) (12

_ =
o(1-e)

This transform is obtained by virtue of the periodicity
of the vector P(7).

Let us define frequency responses for the inverter.
With that end we find a steady-state process for the volt-
age e(t)=E,cos(ot). The Laplace transform of this

voltage is

c

E(s)=——

E
st + o’

where E, is an amplitude of the voltage e(¢).

By multiplying T'(s,q) by E(s) one finds the Laplace
transform of the vector of state variables
X(s,9)=T(s,9)E(s).
Substituting T'(s,q) from (12) yields

sE

C

@(1—e*q®)(s2+m2)'

X(s,q) =

S -1,
Z F (%’)[(q—ql' +S)[—K] P(g—q;).
i=—00
The steady-state process is determined by finding the
inverse Laplace transform

1 joo pd+
X, () =— [T [ X (s e dsdg,
(271:]) c—joo Jd—jo
with respect to poles corresponding to the control signal
.2nn

q, :]F (n=0,£1,£2,...) and the power supply

s, = jmo (m=-1,1). The steady-state behavior in the

form of the double Fourier series [11] is founded by the
calculation of residues at these poles

X,n= > > Res[X(s,q)eSteqT]:

poles s, poles q,,

1 0 ( a0
j(mwt+nQr
2. 2 Cuae ,

m=—1n=—o0
m#0

where Q) = 2—“,
®

®
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E. < . . -1
g Z F'(q)[(q, —q; + jom) I -K] .
20 i=—00
P’(qn_qi)'

Subscripts m and » take positive and negative values.

m
Cm,n =

In order to introduce frequency responses let us rear-

range coefficients C,, , as follows

C],n ej(o)Hth) n Cilrnefj(mtJrnQ‘r) T
Cl’_nej(wt—nQr) +C_l,nej(—(nt+nQr) _
4, sin(mt +nQt+¢;, ) +
4 _, sin ((ot —nQt+¢; _, ) ,
where 4, =2- |C1,n| s Ay =2 '|C1,7n| s O =arg Gy,
0, =argCy_, .
We define amplitude responses 4; , , 4; _, and phase

responses ¢ ,, ¢;_, as functions dependent on ® and

Q [12]. As one can see frequency responses are a set of
both amplitudes and phases characteristics.

1,n

500 1000 1500 2000 @

Fig. 3. Amplitude-voltage responses
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Fig. 4. Amplitude-current responses

V. RESULTS OF CALCULATION

Let us draw the amplitude and phase responses of
the inverter circuit for parameter values: E, =1V,

R, =02Q, R=800Q, L=0.0015H, C=6-10°F,
®:7-10_4s, 4 =2-10"*s. The frequency responses
for ; =8 are shown in Fig. 3 - Fig. 6.

One can see that the amplitude responses show a res-
onance for different harmonics.

Let us compare obtained results with the averaged
state-space method [13]. Taking the average of (1) gives

X _ @y X0+ dBQ).
dt
. i) . .
where X (¢) = i is a vector of averaged state varia-
u(t
R 1-d
t
bles; A(d)= L L cd=-L.
-4 1 C]
C RC

Applying the Laplace transform to the obtained equa-
tion allows us to find the Laplace transform of the voltage

P
b K(DI,O v D14

Fig. 5. Phase-voltage response

V/l,n
3L _
g A
of Vi

1//1,0 \

1

Fig. 6. Phase-current responses
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Fig. 7. The magnitude responses for first harmonic of the voltage
(1-d)dRE,

RCLs® +(RCR; +L)s+ R, +R(1-d)*>

A magnitude response is determined by substituting
s — jo in this formula. Amplitude responses for

U(s) =

the voltage obtained by the proposed method 7, and

the averaged state-space method V,, are presented in
the Fig. 7.

It should be emphasized that a difference between
results arises in case of small time constants of the circuit.

In order to verify the obtained results equation (1) has
been solved numerically for all intervals. The steady-state
behavior has been calculated via the calculation of a tran-
sient process with zero initial conditions. For this purpose
the NDSolve function of Mathematica has been used.
The calculation has been carried out for the time interval
from 0 to 600®s. Also cosine and sine components for
®w+nQ have been numerically calculated. Frequency
responses have been calculated and compared with the
proposed method for 7=300, T=100, 7T=60,
T =40 . The accuracy of calculations is less than one
percent.

CONCLUSION

In this paper the steady-state processes and frequency
response have been determined for time varying circuits.
In order to analyse processes in an inverter with periodic
structure the differential equation has been expanded into
the domain of two variables of time. For solving this

Hapiituuna xo pexakuii 26 ciunsa 2019 p.

equation the Lyapunov transformation and the two
dimensional Laplace transform have been used.
The solution for the steady-state behaviour has been rep-
resented by the double Fourier series. The coefficients of
Fourier series have been used for definition of frequency
responses. These characteristics are the response of
the periodic time varying circuit to the sinusoidal signal
source. The example of frequency responses for the buck-
boost inverter has been presented. The obtained results
have been compared with numerical calculations and
the averaged state-space method. The obtained results
show the presence of resonance that is not revealed by
the use of the averaged state-space method.
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3eJIeHOrypCKUI YHUBEPCHUTET
3enenad ['ypa, Ilonbma

Annomayua—CTaThsl NOCBSIEHA AHAJIN3Y NPOLECCOB B IensX HHBepTopoB. IIponecch! onuckiBaoTest Au¢depeHnu-
AJILHBIMU YPAaBHEGHUAMH C NepHOANYecKMMHU KO3 duuuenTamu. B BUIy TOro, 4To CUrHA/bI YIPaBJeHHS U HaNpPsSKeHUe,
JAefiCTBYIOIIME B LIelIM HHBEPTOPA HEe3aBUCUMBbI, HX YACTOThI YACTO ABJIAIOTCH HECOU3MEPUMBbIMH. JIJIsl OJIy4eHUs CTAIUO-
HAPHBIX NEPHOINYECKHX pellleHnH, 00bIKHOBeHHbIe AN depeHIUATbHbIE YPABHEHHSI ¢ OHOIi He3aBUCHMON NMepeMeHHOi
BpPEMEHHU PACIIMPEeHbl HA YPABHEHHUS B YaCTHBIX NPOM3BOJHBIX € ABYMS HEe3aBHCHUMBIMH IepeMeHHbIMU BpeMeHH. Iloay-
yeHHbIe AN depeHINATbHBIE YPABHEHHS B YACTHBIX MPOU3BOIHBIX € EPHOIUYECKHMMH K03 PUIHeHTaAMH TPeodpa3yIoTcs
B YPaBHeHHsI ¢ MOCTOSTHHBIMH K03()(pHuineHTamMu ¢ nomouisi0 npeodpasopanus Jlsimynosa. IlockojbKy 3TH ypaBHeHHs
omnpeseieHbI B 00,1aCTH IBYX epeMEeHHbIX BpeMeHH, HX PellleHHsI ONpeIe sIIoTCs ¢ IOMOLILI0 JBYMEPHOro npeodpa3oBaHus
Jlamaca. Ilocae pemenus aud@epeHnnaIbHbIX YPABHEHHH YCTAHOBUBIINICA NpoOLECC NPeACTaB/IeH B BH/AE IBOHHOIO
psna @ypbe. YacTOTHBIC XapAKTEPUCTUKH ONpeesaoTcs B Buae GyHkuuii ko3 puumuenTos paga Oypbe, 3aBUCAIIMX OT
YaCTOThl YIPABJAIOIIEr0 CUTHAJIA M HANPS:KeHHUsl NUTaHus. IIpeacTaBieHbl pe3yJbTAThl PACYETOB YACTOTHBIX XapaKTe-
PUCTHK NHBEPTHPYIOLET0 NMpeodpa3oBaTes.

buba. 11, puc. 7.

Kniouegvie cnosa — pacuiupenue ougghepenyuanbHuix ypaguenuil, 4acmommsle XapaKkmepucmuKu, 0symeproe npeoopa-
306anue.
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3eIeHOTYpCKUH yHIBEpCUTET
3enena ['ypa, Ilonbma

Anomauyia—CTaTTa NpUCBSIYeHa aHATI3Yy NMpoleciB B JaHIIorax inBepropis. Ilponecu onucyioTbest AudepeHuiiiHIMuU
PiBHSIHHSIMM 3 nepioquYHUMH KoedinieHTamu. Yepes Te, 110 CUTHAJIM YNPABJIiHHA i HANPYTH, 1O AiIOTH B JaHII03i iHBep-
Topa He3aJle:kHi, IX YacTOTH 4acTo € HemOpiBHAHHUMU. /151 OTPMMAHHA CTALIOHAPHHUX MepPioMYHMX pillleHb, 3BHYAlHI
Audepenniiini piBHAHHS 3 OAHI€I0 He3a/1€5KHOI0 3MiHHOI0 Yacy po3IIMpeHi HA PiBHAHHA B YACTHHHUX MOXiTHHMX 3 ABOMA
He3aJIe;KHUMH 3MiHHMMH yacy. OTpumani qudepenniiii piBHAHHA B YACTUHHUX NMOXiTHUX 3 MepioAMYHUMH KoedinieHTaMu
NePeTBOPIIOTHLCS B PiBHSHHSA 3 NMOCTIiHMMH KoedinieHTamMu 3a gonomoroio nepersopennst Jissmynosa. Ockiibku ni pis-
HSIHHSI BU3HAYeHi B 00/1acTi 1BOX 3MiHHHUX 4acy, iX pilleHHs] BU3BHAYAIOTHCS 32 JONMOMOI0I0 IBOBHMIPHOTO MepeTBOPeHHs
Jlannaca. Ilicast Bupimennst AudepeHuiiiHux piBHAHB NMpouec, 10 BCTAHOBUBCS, NMPeICTABJIEHUI Y BUIJIAAI MoaBiliHOro
paay ®@yp'e. HacToTHI XapakTepuCTHKH BU3HAYAIOThesA Y BUIIAAL pyHKLii koediuienTtiB psaay ®yp'e, mo 3aaexaTh Bi
YacTOTH KepPylo4oro CUrHajay i Hampyru sxuBJieHHs. [IpeacraBiieHi pe3yJbTaTH po3paxyHKiB YaCTOTHUX XapaKTePHCTHK
iHBepTYI040ro nepeTBOPIOBavA.

Bioa. 11., puc. 7

Knrouosi cnosa — poswupenns oughepenuyiiinux pieHaHb, 4ACMOMHI XAPAKMEPUCMUKU, 0806UMIDHE NEPEMEOPEHH
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