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Abstract—An analytical model for creating flat Chladni figures is presented. The equation of a standing wave in
the simplest boundary conditions and the Fourier transform are used. Top view images are shown at different frequencies.
The practical significance of the results obtained for the further development of the field of creating Chladni figures based
on standing waves of different physical nature has been determined.
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1. INTRODUCTION

Recently, many methods have been demonstrated for
creating metasurfaces for various purposes, for example,
efficient absorption of solar energy [1], control of trans-
verse vertical waves [2], multiband superabsorption and
terahertz sensing [3].

Ernst Chladni in the 18th century showed amazing
images on a plate, in the center of which there is a source
of periodic pulses, and in which an acoustic standing
wave is created (shown in Fig. 1). A bulk material (for
example, sand) is placed on such a plate, which, in
accordance with the configuration of the standing wave,
occupies the most energetically optimal location, and
a standing wave pattern is observed.

The mathematical modeling of Chladni figures was
considered in a number of works, in particular in [4] - [7].
This article proposes a general model for both acoustic
effects on bulk material and electromagnetic effects on
a finely dispersed ferromagnetic powder or melt on
a dielectric matrix [8].

Fig. 1. Chladni figures at different frequencies of excitation.

In this article, adequate, but not universal, analytical
models for the creation of Chladni figures are built, since
they did not take into account the nature of the waves,
the structure of the plate, the material, the parameters of
environment, etc. This article discusses a method for cre-
ating metasurfaces based on Chladni figures. A brief anal-
ysis of this method is carried out - what are its limitations
and difficulties. An analytical model for constructing
a top view of Chladni figures using a stationary wave
model is presented. On the basis of the analytical model,
a number of Chladni figures are constructed for some
combinations of the values of the model parameters.
The values of the parameters were chosen from the point
of view of practical interest, based on the effect of
increasing the complexity of the pattern and the number
of transition lines of standing waves (inflection lines of
the density gradient of redistributed surface masses).

The figures are presented for one plate at different fre-
quencies, which are determined using two parameters of
the model. Our model describes the formation of Chladni
figures through simplifying assumptions, and allows their
numerical simulation in terms of coefficients that can be
interpreted as environmental parameters or can be derived
using them.

11. CHLADNI FIGURE SIMULATION MODEL

A rectangular plate with the size 1 x 1 is modeled. To
build the model, the mechanism of transformation of
a traveling wave into a standing wave is used, i.e. after
some time after changing the excitation frequency,
a standing wave is formed. This assumption is due to
the practice of creating Chladni figures under the same
experimental conditions.

Under external frequency action, a harmonic process
of displacement of the plate h along z:
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h(x,y,t) = sin(2nft)s(x,y), (1)
where f'is the frequency of the exciting wave, s(x,y) is
the displacement coefficient.

In this case, the standing wave provides a time-sta-
tionary displacement coefficients(x, y), which "normal-
izes" the periodic function sin(f,t). That is, there is
a factorization of the displacement function by two fac-
tors, where the first depends only on time, and the second
only on coordinates.

It is known [9] that the displacement function h is rep-
resented by the solution of the wave equation:
O _ o (o o
ez € (axz + 6y2)’ @)
where ¢? = 1/v?, v be the velocity of the wavefront of
the disturbance frequency f.

Note that
Z—? = s2nf cos(2nft), 3)
2
zTZ = —s4m?f? sin(2nft), 4)
and also
9%h . 9?2
Py sin(2nft) #
8%h . a%s’ ©)
W = sm(2nft) W

where s(x, y) is the displacement coefficient.

From (2), (4) follows the relation

2 2
—s(2nft)? sin(2nft) = csin(2nfe) (22 + 23),

whence we have

A
- (27’[;) §= (t’ix2 T 6y2)' (©)
Thus, the stationary wave model is reduced to an
eigenvalue problem for the Laplace operator
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in a rectangle with Dirichlet boundary conditions

s(x1,y)=0-1<y<+1,
s(,+t1) =0-1<x<+1 ®)

The solution to this problem is known [7]

Sma(x,y) = a sin(nnx) sin(mmy) +

+b sin(mmx) sin(rny) ,n,m = 1,2,3,... (9)

in a rectangle with Dirichlet boundary conditions where
a, b are constants,

2 2 _ . ko= (21
n% +m —K,K.—(ZC). (10)
The following relationship is also takes place:
c_vnzzmz =f, (11)

Below we present the simulated Chladni figures for an
elementary area with the size 1 X 1.

In particular, for n = m

s =2(a+ b)sin (znfx) sin (M). (12)

[ [
That is, when the numbers at the frequency are equal,
there is a simple dependence on the frequency, the param-
eters of the medium and the material.

1II. MODELING CHLADNI FIGURES BASED
ON THE PROPOSED MODEL

In this subsection, the solutions of equation (12) are
presented for some values of the parameters a, b, m, n.

The values of the parameters were chosen from
the point of view of practical interest, based on the effect
of increasing the complexity of the pattern and the num-
ber of transitional lines of standing waves (inflection lines
of the density gradient of the redistributed masses under
the action of exciting frequency).
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Fig. 2. Chladni figure with values: (a):a=1;b=-1;m=2;n=3;(b):a=2;b=2;m=2;n=3;

(©)a=2b=-4m=2;n=3;(d):a=2;b=1;m=2;n=3.
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Fig. 3. Chladni figure with values: (a): a=-2;b=-1;m=4;n=
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Fig. 4. Chladni figure with values: (a): a=4;b=-1;m=4;,n=7,
®ra=1;b=-3;m=8;n=2.

By varying the values of the parameters, we simulate
different configurations of metasurfaces. In particular
a and b can assume negative values. So, varying the val-
ues of the parameters a, b, ¢, we control the characteristics
of the material from which the plate is made. When sim-
ulating acoustic waves, these parameters set the rigidity

RIE

2EH3

b= 3(1-v2y (13)
where 2H - plate thickness, E - Young's modulus, V -
Poisson's ratio. Stiffness is practically independent of fre-
quency, excluding critical frequencies, where the gener-
ated pulses decay too quickly. As mentioned, the free
term ¢ determines the phase velocity, which changes only
when there is dispersion of waves in the medium. In our
case, we are dealing with geometric variance. In this case,
the coefficient of elasticity in bending deformation
increases with decreasing wavelength (increasing fre-

quency) k ~ % . Since the coefficient of elasticity is

directly proportional to Young's modulus, the effective
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Fig. 5. Chladni figure with values: (a): a=1; b=
bra=-4b=-1;m=9;,n="7.

-l,m=8;n=3;

elasticity, as well as the wave speed, increase with de-
creasing wavelength. The speed of wave propagation in
the medium is proportional to the square root of
the frequency (v ~\/? ) [7]. We put all the constants equal
to unity in order to estimate the dependence of our equa-
tion on the dispersion of the exciting wave (Fig. 6). So we
have

3(12 VoY sm(anf /Z)SLn(Znyf /2)~ s

Note that the coefficients of this equation are con-
stants for a fixed experimental setting. For a rough
(approximate) clarification of the nature of the depend-
ence of the displacement coefficient s on the generation
frequency f, we set these constants equal to 1, which is
equivalent to rescaling the calculations.

Then we have:

%sin(f3/2)2~ s, (14)
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Fig. 6. Dependence of displacement coefficient S on the generation fre-
quency f.

If we are dealing with electromagnetic waves [11],
then the parameters a and b determine the dielectric con-
stant:

ef)=¢ +e, (15)
where € is real part of the dielectric constant, & is its
imaginary part. The real part of the permeability charac-
terizes the dependence of the phase velocity of wave
propagation on the frequency, and the imaginary part
characterizes the dependence of the attenuation of
the amplitude. This means that the parameters a and b in
representation (12) determine the imaginary part of
the dielectric constant, and is the dependence of the phase
velocity.

Disregarding resonant frequencies (¢, = 0), we have:

&s

S‘ = 1+f2‘[2’ (16)
esf21?
= 1+f2‘l.'2’ (17)

where &g is static dielectric constant,z is relaxation time.

Since v = C/n(s(f))’ where c is the speed of light,

is the medium refractive index, and n = +/ep,  is mag-
netic permeability. Thus, by determining the static per-
meability of the material, we can control the configura-
tion of metasurfaces. Substituting (16) and (17) into (12),
we obtain the dependence of the displacement coefficient
for electromagnetic waves on the generation frequency

(Fig. 7).

- Esu Esu
&sf°T . 1+f272 . 1+f272
ST sin [ 2mx sin| 2ny~——— | ~s,
1+f272 C

Similar to the previously considered procedure for
roughly finding out the nature of the dependence of
the displacement coefficient S on the generation fre-
quency f, gives us the following:

2
2. 1
1£f2 sm( /ﬁ) ~S. (18)

When creating a Chladni figure, the combination of
the parameters of the dielectric plate, the surface electro-
magnetic material and the exciting frequency directly
affect the displacement coefficient, as well as the rate of

'S, m

5 10
f, Hz

Fig. 7. Dependence of displacement coefficient S on the generation fre-
quency f'with dispersion of electromagnetic waves.

stabilization of the quick-moving material on the surface
of the plate.

As one can see, the larger the coefficients at frequen-
cies, the more inflection lines appear for standing waves,
which is obvious, if we increase the generation frequency,
we increase the number of standing wave peaks.

CONCLUSIONS

This paper presents an analytical model for construct-
ing Chladni figures for a dielectric plate using eigenvalue
problem for the Laplace operator in a rectangle with
Dirichlet boundary conditions.

Chladni figures are constructed for different values of
the parameters a, b, ¢ that appear in the stationary solution
of the wave equation.

The dependence of displacement coefficient S on gen-
eration frequency f for acoustic and electromagnetic
waves is modeled. The dependence of the electromag-
netic characteristics of the material in the creation of
Chladni figures is investigated.

It can be seen from the numerically simulated Chladni
figures that increasing the exciting frequency, the number
of inflection lines increases, which corresponds to real
physical experiments.

From charts we can conclude that with increasing fre-
quency, the displacement coefficient S is a damped sinus-
oid. This is influenced by wave dispersion as well as wave
attenuation in the material.

The configuration of Chladni figures is determined by
many characteristics, some of them in this model were
intentionally omitted to simplify the presentation of
the general view of the dependencies.
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Abstract—CTaTTs NPUCBAYEHA YHUCEJIBLHOMY MO/EJIOBAHHIO CTBOPEHHS NMOBepXHeBUX (iryp min aiero 30ym:kyrodoi yac-
ToTH. CHMYJISILliAl TPYHTY€ThCS HA 3aNIPONIOHOBAHIN aHANITHYHIN Mo/eJli CTBOpeHHSI MeTANI0BePX0Hb HA MPSIMOKYTHHUX IJIa-
CTHHAX Ha 0CHOBI edexTy Xuanni nepeposnoainy «06'eMHIX» MacC IijJ Ai€l0 CTOAY0I XBUJII.

Po3riisinyTo 3MillleHHs1 NOBEPXHEBUX MAC Iij Ai€10 30BHIIIHBOr0 aKyCTHYHOI'0, 200 €JICKTPOMATHITHOI'0 30y/12KCHHS Ya-
cToTH f, 1110 onKcyeThes XBUILOBUM PiBHSIHHAM. BpaxoByloun cranionapHicTs pimieHHs, 110 Biinosigae crosiuiii xBuii, a
TAK0K TPAHUYHI YMOBH, Mo/eJb 3BOAUTHLCA /10 3a1a4i HA BJIACHI 3HAYEeHHS 1M onepaTopa Jlamiaca B NpsIMOKYTHHKY 3
rpaHM4HuMHU ymoBamu [lipixJe.

BuBueHi crniBBiiHOLIEHHS MapaMeTpiB, sIKi MOSACHIOITH 3MeHIIEHHsA pPo3MipiB enemeHTiB Qiryp Xnaaui npu miaBu-
IeHHi YaCcTOTH 30y/IsKeHHSI.

YucejbHe MO/CTIOBAHHS, IPH Pi3HUX 3HAYEHHSAX apaMeTpPiB 3alIPONOHOBAHOI MO/, iTI0cTpy€e cTBOpeHHs (iryp me-
pepo3noiny noBepXHeBHX Mac, 0 MOKHA PO3IISAAATH IK MOKIHMBHII METO/I CTBOPEHHSI MeTANIOBePXeHb.
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