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Abstract—Such basic concepts of power theory as apparent power, active current and minimum power losses in  
the transmission line are defined for a three-phase three-wire system in the shortened two wattmeter reference frame. On 
the basis of these concepts, two energy-efficient active filtration strategies were developed and verified by virtual experi-
ments. The first of them minimizes the power losses of a three-phase three-wire transmission line with different values of its 
resistances and ensures a unit value of the power factor. The second strategy follows the recommendation of IEEE Std. 1459-
2010 ensures the minimum power loss of the transmission line with symmetrical sinusoidal currents of a three-phase source. 
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1. INTRODUCTION  
Semiconductor shunt active filters (SAF) are an effec-

tive means to improve the power quality on transformers 
substation’s 6/0.4 kV busbars by compensating of inac-
tive power components [1]. The SAF control strategies 
are based on the instantaneous and integral power theo-
ries, an overview of which is presented in [2, 3]. Power 
theories which use instantaneous current and voltage val-
ues originate from the pq instantaneous power theory pro-
posed by H. Akagi at al. [4] for a three-phase three-wire 
system. In this theory, the analysis of energy processes is 
carried out in the αβ reference frame, which coordinates 
are converted from the three-coordinate current and volt-
age vectors by using matrix transformations. Further  
improvements and modifications of instantaneous power 
theories were carried out in the αβ0 [5], pqr [6] reference 
frames. Later, cross-vector [7] and vector [8] theories that 
do not require coordinate axes appear. Their comparative 
analysis was carried out in [8]. The power theory using 
integral quantities was initiated in the works of S. Fryze 
[9, 10], and acquired more advanced forms within  
the Fryze–Buchholz–Depenbrock Power Theory (FBD 
Theory [11]), Currents' Physical Components Power  
Theory (CPC Theory by L. Czarnecki [12]), Conservative 
Power Theory (CPT by Tenti and Mattavelli [13]), a com-
parative analysis of which is carried out in [14]. In a three-
phase three-wire system, all the mentioned power theo-
ries operate with three-coordinate vectors of line currents 
and phase voltages calculated from the point of artificial 
grounding [11]. The three coordinates of each specified 
vectors are linearly dependent, which creates an unjusti-
fied complexity of the SAF control system due to an  
excessive number of sensors and regulators and the need 
to organize an artificial grounding point. In [15] it is pro-
posed to control the SAF of a three-phase three-wire 
power system with the direct use of two-coordinate 

voltage and current vectors, the electrical variables of 
which have long been used to measure active power by 
the two wattmeters method [16]. In [17, 18], several strat-
egies for SAF control were developed in the two wattme-
ter reference frame (TWRF), which have a number of  
advantages compared to the strategies of the instantane-
ous power theory. However, the maximum energy-saving 
effect of SAF application can be achieved only with the 
use of active filtering strategies using integral power  
theory [19]. 

The goal of the article is to develop energy-efficient 
strategies for shunt active filtering in TWRF, which  
ensure minimal power losses in the transmission line of  
a three-phase three-wire system, taking into account  
the requirements of modern standards for the power qual-
ity at the points of common coupling (PCC). 

2. ACTIVE FILTRATION STRATEGY THAT MINIMIZES POWER 
LOSSES IN THE TRANSMISSION LINE 

Fig. 1 shows a three-phase three-wire power system 
with resistive transmission line model and SAF enabled 
at PCC A, B, C. As shown in [17, 18], the energy pro-
cesses of such a system can be comprehensively repre-
sented in TWRF with two-coordinate vectors of instanta-
neous line voltages calculated relative to a common point 

( ) ,∧= AC BCt u uu  where ∧  – is the sign of the trans-
position, and the corresponding instantaneous currents 
( ) .∧= A Bt i ii  Taking into account the current equa-

tion 0+ + =A B Сi i i  the connection of TWRF variables 
in the absence of SAF is established in the following vec-
tor-matrix form  

 ( ) ( ) ( ),= −t t tu e Ri  (1) 
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where 
0 1 1

0 1 1

∧+
= = + −

+
A C C A

C
C B C B

r r r r
r

r r r r
R is 

the matrix of transmission line resistances, symmetrical 
with respect to the main diagonal, 

∧= − − −A C B Ce e e ee  is the vector of loop EMFs.  

The load active power is determined by the two watt-
meter method [16] using the notation for the scalar prod-
uct of arbitrary T-periodic same-dimensional vectors 

1 ( ) ( )− ∧= ∫

T
T t t dtx y x y  as follows 

 
1

1

[ ( ) ( ) ( ) ( )]

( ) ( ) .

−

− ∧

= + =

= =

∫
∫ 

AC A BC BT

T

P T u t i t u t i t dt

T t t dtu i u i
 (2) 

Power losses at the transmission line resistances in  
the absence of an active filter are 

 

1 2 2 2

1

1

{ ( ) ( ) }

0 1 1
0 1 1

( ) ( ) .

−

∧
−

− ∧

= + + =

 
 = + =
 
 

= =

∫

∫

∫ 

LS A A B B C CT

A A
A B CT B B

T

P T i t r i t r i r dt

r i
T i i r dt

r i

T t t dti Ri i Ri

 (3) 

Exactly power losses must figure in the apparent 
power definition formula to which energy-efficient active 
filtration strategies are linked. Almost identical formulas 
for the apparent power of multiphase systems with differ-
ent values of transmission line resistances are known 
[20], [21]. Its are based on the FBD method with the cor-
responding disadvantages consist in using linearly  
dependent current and voltage vectors and the need to  
organize an artificial grounding point for calculating 
phase voltages. These shortcomings were overcame in 
[19], where the formula for apparent power of three-phase 
four-wire system was expressed through a three-coordi-
nate vector of phase voltages calculated relative to  
the neutral wire and a three-coordinate vector of line cur-
rents. For this purpose Schwartz's inequality was used in 
the form  

 1/2 1/2 2 2 1) ( ) ( ),− −= ≤ ×  P(R u R i i Ri u R u  (4) 

that is valid for periodic time vectors of the same dimen-
sion and non-singular matrix R  which is symmetric with 
respect to the main diagonal. 

The matrix R from (1) is symmetric with respect to 
the main diagonal and non-singular for at least two non-
zero resistances of the transmission line, since 
det .= + +A B A C B Cr r r r r rR  The TWRF’s vectors 

,∧= AC BCu uu ∧= A Bi ii  are periodic of  
the same dimension. Therefore, three important conse-
quences for the theory of active filtering from formula (4) 
are valid for them. 

First, from (4), we obtain the formula for apparent 
power as the maximum active power that can be achieved 
in the load for given voltages and power losses: 

 1( ) ( ).−= = × MAXS P i Ri u R u  (5) 

Secondly, the power loss in the transmission line can-
not be less than the limit value determined from  
the expression 

 
2

1 .
−

= ≥ =



MIN
LS LS

PP Pi Ri
u R u

 (6) 

And, finally, thirdly, from the condition of vector 
1/2 ( )− tR u  and 1/2 ( )tR i  proportionality, under which 

equality is achieved in (4), the active current formula fol-
lows 

  1
1( ) ( ),−
−

=


А
Pt ti R u

u R u
 (7) 

which ensures the specified load power (2) at a unit value 
of the power factor / 1.λ = =P S  

Such an active current (7) causes power losses in  
the transmission line 

 

2 1 1

1 2

2

1

( )
( )

,

− −

−

−

×
= =

= =









А А

MIN
LS

P

P P

R u RR ui Ri
u R u

u R u

 (8) 

which coincides with the minimum value (6). Exactly this 
value must appear in the formula [13] to determine  
the power factor 

 / / ,λ = = MIN
LS LSP S P P  (9) 

which corresponds to its physical content.  

Then the energy-saving effect, which is estimated by 
the ratio of transmission line power losses in the absence 
and presence of the filter will be 

 
2

2
2 1 2 ,

/ ( )
−

−
= = = = λ





LS
MIN
LS

P SW
P P P

i Ri
u R u

 (10) 

that coincides with [13]. 

Since the matrices 1, −R R  in (5) and (7) can be deter-
mined with accuracy up to a constant factor, to simplify 
the implementation of the active current in the transmis-
sion line, we normalize these matrices relative to one of 

 

Fig. 1. Three-phase three-wire power supply system with a resistive 
model of power transmission line 
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the resistances of the transmission line, for example, 
.=Ar r  Then the other two resistances are characterized 

by the parameters / ; / ,= =B Cd r r q r r  and the normal-
ized matrices take shape 

1

1 0 1 11/ ;
0 1/ 1 1

1 0 1 11 .
0 1

∧

∧
−

= = +

= = −
+ +

r
d q

d d dd q

R R

G R

 

Next, we define the reference vector of the active cur-
rent 

 
0

0
0

1 0 1 11( ) ( )
0 1

; .
( ) 1

∧ 
 = = − ×
 + + 
− +

× = =
− + +

R

AC AC AC BC

BC BC

t t
d d dd q

u u u u du
u

u u u d d q

u Gu
(11) 

Taking into account this value (5), (6), (7) acquire 
their final form in TWRF 

 ( ) ( );= ×  RS i Ri u u  (12) 

 
2

;=


MIN
LS

R

P rP
u u

 (13) 

 ( ) ( ).=


А R
R

Pt ti u
u u

 (14) 

Now we will show that (12) turns into the Buchholz’s 
apparent power formula [21] in the form of the product of 
rms voltage and current values of a three-phase three-wire 
system 

1 2 2 2

1 2 2 2
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[ ( ) ( ) ( )] ,

−

−

= = + + ×

× + +

∫

∫

B A В СT
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S UI T u t u t u t dt

T i t i t i t dt
 

if the resistances of the transmission line are equal, that 
is, for the special case of parameter values 1.= =d q   
Indeed, in this case it follows from (3) that 

1 2 2 2[ ( ) ( ) ( )] .−= + +∫ A B CT
T i t i t i t dti Ri  For voltages 

, , ,A B Сu u u  calculated relative to the point of artificial 
grounding [4], ( ) ( ) ( ) 0,+ + =A B Сu t u t u t  the following 
ratios are valid 
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which had to be proved. 

Under the same condition of transmission line  
resistances equality (14) turns into the expression 

1 2 2 2( ) ,
[ ( ) ( ) ( )]−

=
+ +∫

A
АF

BA В СT

uPt
uT u t u t u t dt

i  

which corresponds to the S. Fryze’s formula [10] for  
the active currents of two phases of a three-wire power 
supply system. The correspondence of the third phase  
active current is ensured by the zero sum of the instanta-
neous values of the currents and voltages appearing in  
the Buchholtz’s formula. 

Formulas (12), (13), (14) lay the theoretical founda-
tion for energy-efficient active filtering in TWRF with  
arbitrary ratios between transmission line resistances 
without the need to organize an artificial grounding point 
and with two instead of three SAF pulse regulators. As 
follows from (14) and the method of connecting SAF at 
PCC in fig. 1, the general strategy of its energy-efficient 
control in the TWRF consists in the formation of an active 
current in the transmission line and is implemented by  
the generating of two active filter currents 

 
0

0
0

( ) ( ) ( ) ( ) ( );

( ) ; .
( ) 1

= = − = −

− +
= =

− + +


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F А R
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R
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i
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i

u u u du
t u

d u u d q

u ii i i i u
u u

u
(15) 

Such control provides the minimum possible power 
losses in the transmission line according to (14) and  
requires two sensors of line voltages, two sensors of cur-
rents and the assignment of two parameters d and q that 
establish the ratio between the resistances of the transmis-
sion line. 

3. ACTIVE FILTERING STRATEGY THAT MINIMIZES POWER 
LOSSES IN A TRANSMISSION LINE WITH SINUSOIDAL AND 

BALANCED CONSUMED CURRENTS 
Modern standard IEEE Std. 1459-2010 describes  

apparent power as the maximal active power, which can 
be transmitted under sinusoidal and balanced conditions 
for voltage and current values. Therefore, the apparent 
power definition (12), in which periodic voltages and cur-
rents are of arbitrary shape, needs adjustment, but is use-
ful as a basis for comparison. 

Let the direct sequence detector [24], built on the sec-
ond order generalized integrator for quadrature-signals 
generation [25], extract the voltage positive sequence 
component  

( ) 2 cos( ) cos( / 3) ,∧
+ + + += = ω ω −AC BCt u u U t t πu  

from the voltage vector of the general form ( ).tu Then  
the active current with sinusoidal and balanced compo-
nents, which provides the active power P at the PCC, is 
determined by the expression 

 ( ) ( ),+ +
+

=


A R
R

Pt ti u
u u

 (16) 

where 
1

( ) .
13

++ + +
+

++

+
= = −ACA AC BC

R
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uu u u
t

uu
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This current differs from the active current (14), 
which consists of asymmetric currents at different  
resistance values of the transmission line and causes 
power losses in the transmission line 
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u Ru
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 (17) 

The obtained losses value differs from the minimum 
value according to (8). Let's find the ratio of power losses 

 

22

2

2

( )
( )

( )
.

( ) ( )

+ +

+ +

+

+ +

= = =

=
×









 

MIN
LS R R

LS
LS R

R

R R

P rPP rk
P

u Ru
u Gu u u

u u
u Gu u Ru

 (18) 

This ratio of power losses is determined exclusively 
by the voltage vectors ( ), ( )+Rt tu u  and the resistance  
ratios of the transmission line, which is given by the ma-
trices ,R G  and does not exceed a unit. Its value can be 
used to predict the maximum thermal loading of three-
wire transmission line in compliance with the existing  
requirements for the power quality at the PCC. 

Let's find the value of this coefficient under the con-
dition of a symmetrical sinusoidal three-phase source, 
when the voltages at the PCC are of the same form, i.e. 

( ) ( ).+=t tu u  In this case (18) takes the form 

2( ) / ( ) ( ),+ + + + + + += ×  LS R R Rk u u u Gu u Ru  

and individual components of this expression are calcu-
lated as follows: 
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To calculate the last component, we apply the formula 
for averaging the product of harmonic functions in  
the frequency domain [16] 

/3 /3
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Substitution of the obtained values finally gives 

 2
3 (1 ) .
( )

+
+ +

=
+ +

LS
dq d qk
d q dq

 (19) 

In connection with the difference between the mini-
mum losses of the symmetrical sinusoidal mode and 

MIN
LSP , according to the recommendations IEEE Std. 

1459-2010 the determination of both the apparent power 
+S under such conditions and the power factor 

/+ +λ = P S  requires correction. Substitution +LSP  as  
the minimum achievable losses in (9) gives a modified 
formula for the power factor, 

 .+ +
+

+

λ
λ = = = × =

MIN
LS LS LS

MIN
LS LS LSLS

P P PP
S P P kP

(20) 

which derives the modified formula for apparent power 

 .+ = LSS S k  (21) 

Thus, formulas (12), (13) retain their values for calcu-
lating extreme energy parameters of power systems, and 
in the related modified formulas (20), (21) the value LSk  
according to (18) is a correction factor for calculating  
the apparent power and power factor when implementing 
restrictions on consumed currents to improve the power 
quality at PCC for the general case of transmission line 
resistance ratio. 

The strategy of energy efficient SAF control with  
observance of the sinusoidal symmetrical form of  
the consumed currents consists in the formation of an  
active current (16) in the transmission line and is imple-
mented by the current vector of the active filter 

 
0

0
0
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u ii i i i u
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Such a strategy provides the minimum possible power 
losses in the transmission line (17) under such conditions 
and a gain in power loss 

 2 .+
+ +

= = × =
λ

MIN
LS LS LS LS

MIN
LS LSLS

P P P k
W

P PP
 (23) 

And in this case, the apparent power (5) and the power 
factor (9) retain their value as bases for comparison when 
forming the consumed currents recommended by  
the actual standard. 
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4. VERIFICATION BY COMPUTER SIMULATION OF  
THE PROPOSED ENERGY EFFICIENT STRATEGIES 

For this, a computer model (Fig. 2) of a three-phase 
three-wire power supply system with an asymmetric lin-
ear load and SAF implemented by dependent current 
sources AFi  and BFi  with the Control System control 
module was created in the PLECS environment. The  
inputs of this module are supplied with the TWRF varia-
bles , , ,AC BC A Bu u i i  from the corresponding sensors and 
the parameters d, q of the transmission line. The SAF 
strategy change is carried out by the Control System mod-
ule forming the reference vector of the active current  
according to formulas (15) or (22) with the corresponding 
assignment of the d and q values. The P module calculates 
the average power losses in the transmission line for  
the period based on the currents and voltages of the trans-
mission line resistors and displays the calculation results 
on the oscilloscope <P>. Another oscilloscope I displays 
the instantaneous values of the source currents. 

Such model parameters were adopted: symmetrical  
sinusoidal voltages of a three-phase source with an rms 
value of the line voltage 100 3+ =U В  and frequency 

50=f Hz, transmission line resistances are

2= = ΩAr r m ; 1= = ΩB
rr m
d

 ( 2=d ); 2
= ΩCr m

q
, 

load resistances are 6= ΩАBR , 3= ΩBCR , 
3 9.54= Ω→ =BC BCX L mH , 4= ΩCAR , 
5 636.6= − Ω→ = µCA CAX C F . 

Table 1 presents the results of power losses simulation 
when applying different strategies of active filtering. 

We obtain the theoretical dependence ( ),MIN
LSP q   

using (13) at ; .+ += =Ru u u Gu  According to the results 
of the derivation of formula (19) 

TABLE 1 

Total power loss without filter 
q 0.5 1 2 4 

PLS0,W 12.4842 11.7340 11.3583 11.1703 
Total power loss with a filter implementing the first strategy (15)  

q 0.5 1 2 4 
PLS1,W 11.1292 8.9064 6.9602 5.5694 

Total power loss with a filter implementing the second strategy 
(22)  

q 0.5 1 2 4 
PLS2,W 12.9790 9.2773 7.4235 6.4959 

 

2 ( )
.

1
+

+ +
+ +

=
+ +



U d q dq
d q

u Gu  

The load active power the can be found by calculating 
the active conductivities of the linear loads 

, , :AB BC CAG G G  

.

2 ( )

2531 3 42
2 2 2 26 1233 3 4 5

= + + =+

  += + + = +  
+ + 

P U G G GAB BC CA

U
U

 

Substitution of the obtained values in (13) gives  
the analytical dependence of the minimum power loss on 
the ratio of transmission line resistances for the given  
parameters of the three-phase source and load  

2 22 (1 )53( , ) .
123

+ + + = = ×  + + 

MIN
LS

R

U r d qP rP d q
d q dqu u

 

Taking into account the numerical values of the model 
parameters, at 2,=d  we finally obtain the desired  
analytical dependence 

 

Fig. 2. Computer model with PAF of a three-phase three-wire power supply system and an asymmetric linear load 
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qP q
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 (24) 

Graph of dependence (24) with plotted points of 
experimental losses PLS1 from table 1 is shown in fig. 3. 
We note a complete coincidence of the results of 
computer modeling with the theoretical dependence of 
the minimum power loss on the parameter of  
the transmission line, which confirms the adequacy of  
the proposed strategy (15) of SAF control in TWRF. 

In order to confirm the adequacy of the second pro-
posed strategy (22), we will carry out an experimental 
verification of the theoretical dependence of the power 
losses factor (19), which at 2=d  takes the form 

 2
6 (3 )( ) .
(2 3 )

+
+

=
+

LS
q qk q

q
 (25) 

The graph of analytical dependence (25), presented in 
Fig. 4, is fully confirmed by the 4 point values of the frac-
tions 1 2/LS LSP P  calculated on the data of table 1 at  
the corresponding values of the argument plotted on it. 
This verifies the second superimposed strategy (22), 
which minimizes power losses while ensuring the sym-
metry of consumed currents. 

To confirm the last statement, a sequential change in 
filtering strategies was organized over time while observ-
ing the consumed currents and loss levels (time diagrams 
in Fig. 5) when 2, 4.= =d q  The first time interval  
( [ ]0,0.1∈t ) corresponds to the absence of filtering, while 
the asymmetry of the consumed currents is maximal, and 

the power loss LSP  is also maximal. Filtering according 
to the first strategy ( [ ]0.1,0.2∈t ) gives the minimum loss 

level MIN
LSP , which is confirmed both by the theoretical 

dependence (24) at 2, 4= =d q  and by the table values 
of the experiment, but the asymmetry of the consumed 
currents is still significant. And only filtering according 
to the second strategy ( [ ]0.2,0.3∈t ) provides a symmet-
rical sinusoidal mode of consumption with a slight  
increase in the loss level +LSP  in strict accordance with 
the experimentally and theoretically confirmed value of 
the coefficient ( 2, 4) 6 / 7.+ = = =LSk d q  At the moment 
of switching the type of filtering, the currents change their 
phase and amplitude, and transient processes are  
observed on the oscillogram of the average power loss.  

Thus, the complete coincidence of the computer 
modeling results with the predicted analytical 
dependences of the power losses and the shapes of  
the curves of the consumed currents confirms  
the adequacy of both the proposed SAF control strategies 
in the TWRF, and the correctness of the model 
functioning. 

CONCLUSIONS 
The basic concepts of the integral power theory of  

a three-phase three-wire system, such as apparent power, 
active current and minimum power loss in the transmis-
sion line, are defined for the general case of different  
resistances of the transmission line in the reduced coordi-
nate basis of the two-wattmeter method, which simplifies 
the realization of energy-efficient SAF control strategies. 

The strategy of active filtering in TWRF, which mini-
mizes the power losses of a three-phase three-wire trans-
mission line with different values of its resistances, was 
developed and verified by a virtual experiment. 

 

Fig. 3. Graph of dependence (24) with plotted points of experi-
mental losses when using the first filtering strategy 

 

Fig. 4. Graph of dependence (25) with plotted points of experi-
mental fractions 1 2/LS LSP P  from Table 1 
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Fig. 5 Time diagrams of power losses and consumed currents under 
different SAF control strategies  
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The strategy of active filtering in TWRF was devel-
oped and verified by a virtual experiment to improve  
the power quality at the points of common coupling, 
which ensures the minimum power loss of the transmis-
sion line with symmetrical sinusoidal currents of a three-
phase source. 

The correction factor for apparent power and power 
loss gain formulas in the presence of restrictions on con-
sumed currents was determined and verified by a virtual 
experiment. Its value can be used to predict the maximum 
thermal loading of a three-phase three-wire transmission 
line in compliance with the existing requirements for  
the power quality. 
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Анотація—Напівпровідникові паралельні активні фільтри (ПАФ) є ефективним засобом підвищення якості еле-
ктроенергії шляхом компенсації неактивних складових потужностей на шинах трансформаторних підстанцій три-
фазних ліній електропередачі 6/0,4 кВ. Відомі стратегії керування ПАФ оперують з лінійно залежними трикоорди-
натними векторами лінійних струмів та фазних напруг, що відраховуються від точки штучного заземлення, що  
породжує невиправдану складність системи керування ПАФ через надмірну кількість сенсорів і регуляторів та  
необхідності організації точки штучного заземлення. Метою статті є розроблення енергоефективних стратегій пара-
лельної активної фільтрації в системі координат методу двох ватметрів (СКМДВ) з безпосереднім використанням 
двокоординатних векторів напруг та струмів. Для цього такі базові поняття теорії інтегральної потужності трифа-
зної трипровідної системи, як повна потужність, активний струм та мінімальна потужність втрат в лінії передачі 
були виражені в скороченому координатному базисі методу двох ватметрів. На основі цих понять розроблені та  
верифіковані віртуальними експериментами дві енергоефективні стратегії активної фільтрації в СКМДВ. Перша  
з них мінімізує потужність втрат трифазної трипровідної лінії передачі з різними значеннями її опорів та забезпечує 
одиничне значення коефіцієнта потужності. Друга стратегія відповідно до рекомендації IEEE Std. 1459-2010 забезпе-
чує мінімальну потужність втрат лінії передачі при симетричних синусоїдних струмах трифазного джерела. Визна-
чений та верифікований віртуальним експериментом коригувальний коефіцієнт формул повної потужності та  
виграшу за потужністю втрат за наявності обмежень на симетричну синусоїдну форму споживаних струмів, зна-
чення якого може бути використане для прогнозування максимального теплового навантаження трифазної трипро-
відної системи з дотриманням існуючих вимог на якість електричної енергії в точках загального підключення. 

Ключові слова — трифазна трипровідна система живлення; повна потужність; активний струм; енергоефек-
тивні стратегії активної фільтрації; система координат методу двох ватметрів. 
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